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Background & motivation

Upper troposphere and stratosphere

Atmospheric turbulence

Ocean turbulence

(image:
Labrador current in Atlantic ocean)
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The ocean strati�cation

In the ocean the density increases with depth due to changes in
water temperature and in water salinity.

http://www.windows2universe.org/
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Vertical shear spectrum in the ocean pycnocline

Vertical spectrum of vertical shear
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Gargett et al., J. Phys Oceanog., 1981



Vertical energy spectra

A shear spectrumS(kv ) � N2k � 1
v corresponds to a vertical

spectrum of horizontal kinetic energy
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Gregg, J. Phys. Oceanog., 1977
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Strongly strati�ed turbulence

Turbulent ow in a constant background density gradient
(const N). Strati�ed turbulence is anisotropic and develops in
layers with`h � `v .
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Strongly strati�ed turbulence theory

I Height of layers̀ v �
uh

N
so that Frv =

uh

N`v
=

inertia
buoyancy

� 1

(Billant & Chomaz 2001)

I Horizontal energy spectrumEh(kh) � � 2=3k � 5=3
h (Lindborg 2006)

I Vertical energy spectrum: : :
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Vertical spectrum in strongly strati�ed turbulence

Assume buoyancy and inertia are in balance on ascale-by-scale
basis up to kv = koz (Billant & Chomaz 2001).

Local vertical Froude numberFrsv =
vh

Nsv
=

vhkv

N
� 1.
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Direct numerical simulations of strati�ed turbulence

Bartello & Tobias 2013
Almalkie & de Bruyn Kops 2012

(from a presentation of P. Augier)

DNS spectra in disagreement with Eh(kv ) / N2k � 3
v !
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Motivation for present study

Questions

1. Can we recover vertical spectraEh(kv ) = � N2k � 3
v con�rming

the buoyancy-inertial range in high-resolution DNS? Or is the
theory incorrect and this vertical spectrum does not apply to
strati�ed turbulence?

2. Is the model of strati�ed turbulence applicable to ocean
turbulence?
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Aliasing problem of vertical spectrum

Eh(kv ) =
X

kx ;ky

1
2

ûi (k)ûi (k) � i = 1 ; 2

ky

kx

isotropic scales

kz

kv

koz

anisotropic
scales

kh

k

For a given vertical wavenumberkv a number of smaller scales
with kx > kv or ky > kv are aliased to Eh(kv ). Beyond a certain
horizontal wavenumberkh these correspond to isotropic scales.
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Scale decomposition of the vertical spectrum

Possible solution:

Elarge(kv ) =
X

kh�K h
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kh> K h
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LARGE
SCALES

SMALL
SCALES
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I Spectral cut-o� �lter
I Filter horizontal wavenumberKh

I Eh(kv ) = Elarge(kv ) + Esmall (kv )
I See alsoAugier et al., JFM, 2015



Selection of the �lter wavenumber

Can we �nd a precise demarcation scale between anisotropic
motions and isotropic motions?
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Plan of work

I Conduct high-resolution DNS of strati�ed turbulence with
forcing.

I Apply scale decomposition to DNS results during steady state
and obtainElarge(kv ) and Esmall (kv ).

I Check ifElarge(kv ) / N2k � 3
v .
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DNS simulations

Run Nx Ny Nz Frh Reb Re�

F4 1024 1024 512 0.044 13.6 229
F3 2048 2048 512 0.028 14.1 588
F2 4096 4096 1024 0.021 17.0 818
F1 8192 8192 2048 0.014 21.7 1377

I Pseudo-spectral code with periodic BCs
I Rectangular domain
I Boussinesq set of equations with uniformN
I Forcing in vortical modes only, withkh;f = 3 and kv;f = 0
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Time evolution of run F2
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I Constant power injectionP by the forcing
I All quantities reach a steady state after initial transient
I At steady state� + � p � P
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Vertical spectra of kinetic energy

10 0 10 1 10 2 10 3 10 4

10 -10

10 -8

10 -6

10 -4

10 -2

10 0

No clear power law betweenkv = kb and kv = koz.
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Vertical spectra in compensated form

10 -2 10 -1 10 0 10 1 10 2
10 -3

10 -2

10 -1

10 0

10 1

I Large \bump" beyond the Ozmidov wavenumber.
I Vertical spectrain disagreement with Eh(kv ) / N2k � 3

v .

A. Ma�oli, Vertical spectra of strati�ed turbulence at large scales LMFA, �Ecole Centrale de Lyon, 7 July 2017



Vertical spectra of potential energy (compensated)

10 -2 10 -1 10 0 10 1
10 -4

10 -3

10 -2

10 -1

10 0

I Ep(kv ) 6= � N2k � 3
v
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Scale decomposition applied to run F1

10 0 10 1 10 2 10 3 10 4
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I Large-scale and small-scale vertical spectra calculated using

Kh = � =
N

wrms
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Large-scale vertical spectrum in run F1 (compensated)

10 0 10 1 10 2 10 3 10 4

10 -3

10 -2

10 -1

10 0

10 1

I There is a range whereElarge(kv ) / k � 3
v !

I Betweenkv � kb and kv � koz, as expected.
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Proportionality withN2?

10 -2 10 -1 10 0 10 1
10 -3

10 -2

10 -1

10 0

Good agreement with Elarge(kv ) = � N2k � 3
v across 4 runs.

� � 0:53 (from run F1)
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Large-scale vertical spectra of potential energy

10 -2 10 -1 10 0 10 1
10 -4

10 -3

10 -2

10 -1

10 0

Agreement withEp;large(kv ) = � N2k � 3
v for runs F1 and F2.

� � 0:27 (from run F1)
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The �lter wavenumber

These resultscon�rming a buoyancy-inertial range are highly
dependent on the value of the �lter wavenumber.

What is the relation between� =
N

wrms
and kb or koz?
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I Clear trends given by� / k3=2
b and � / koz
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Conclusions

Questions

1. Can we recover vertical spectraEh(kv ) = � N2k � 3
v con�rming

the buoyancy-inertial range in high-resolution DNS? Or is the
theory incorrect and this vertical spectrum does not apply to
strati�ed turbulence?

I We have con�rmed the presence of a buoyancy-inertial range
in strati�ed turbulence occurring at large horizontal scales.

I Large-scale vertical spectra in DNS show
Elarge(kv ) � � N2k � 3

v from kv � kb to kv � koz and

Ep;large � � N2k � 3
v over narrower range up tokv � koz.

I The buoyancy-inertial range is \hidden" in the full vertical
spectrumEh(kv ) by the bump caused by small-scale isotropic
motions.
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Conclusions (cont.)

2. Is the model of strati�ed turbulence applicable to ocean
turbulence?

I Ocean turbulence presents vertical spectraEh(kv ) � � N2k � 3
v

with � � 0:5, while the current large-scale vertical spectra
give � � 0:53. The match is very good.

I Measurements of vertical spectra of potential energy of ocean
turbulence are unavailable in the literature.

I Strongly strati�ed turbulence with constantN is a relevant
model for ocean turbulence.

I Present results for� suggest that LES of ocean turbulence
with isotropic sub-grid-scale models should choose a �lter
scale � � `oz.
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