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Abstract
Numerical simulations are presented for flows of Bingham fluids through periodic
square arrays of aligned cylinders, for cases in which fluid inertia can be neglected.
The aim is to quantify the dependence of the drag coefficient of the cylinders on the
Bingham number. The results for large Bingham numbers, and also for dilute arrays
of cylinders (low solid area fraction) are shown to approach previous analytical
results for a single cylinder. The results for concentrated arrays are shown to agree
with a lubrication theory. Although the rheology is strongly nonlinear and significant
unyielded regions are shown to develop, the drag coefficient is approximately a linear
function of the Bingham number. This is shown to be the case for flows along a
principal axis of the array and also seems to hold for flow at 45 degrees (in the
plane perpendicular to the cylinders). It is shown that the drag force on a cylinder
in the array immersed in a Bingham fluid is approximately equal to the sum of the
drag forces in the corresponding cases of Newtonian and perfectly plastic fluids.
This result is used to derive a criterion for the critical pressure gradient, required
for flow. Implications for large-scale modeling of flow through fibrous media are
discussed.
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Introduction

The flow of Newtonian fluids through periodic arrays of aligned cylinders
has been studied extensively for a range of applications (e.g., [1,2]), varying
from heat exchangers to the glycocalyx layer on the surface of cells. The corresponding flows of non-Newtonian fluids are of interest, for instance, as a model
problem for enhanced oil recovery, paper pressing and resin transfer moulding
applications. Studies on flows of non-Newtonian fluids have primarily elucidated the roles of shear-thinning (or shear-thickening) rheological behaviour
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[3–9] and viscoelasticity (with emphasis on the development of elastic instabilities, see, e.g., [10]).
Less well documented is the flow through porous or fibrous media of materials that exhibit a transition between ‘solid’ and ‘liquid’-type rheological
behaviour (and vice versa). A well-established model for such behaviour is
that of a Bingham material, in which a discrete transition stress value (the
yield stress) distinguishes between the two types of behaviour. Although this
concept has been the subject of vigorous debate (leading for instance to the
important suggestion that transition occurs not at a discrete yield stress, but
over a range of stress values), it remains a very useful approximation (a recent brief review and detailed measurements are available in [11]). Previous
work include studies on the flow past a falling sphere [12], flow past a single
cylinder [13,14] and squeezing flows (see, e.g., [15] and references therein). In
most numerical studies, the exact Bingham rheological model is replaced by a
regularized model, that allows a posteriori determination of the yield surface,
and the use of a single rheological description throughout the entire domain.
Regularizations include the bi-viscosity model [16–20]. and the Papanastasiou
model [14,21,22]. The former will be used in this study (it is introduced in
Section 2 below).
For the present application it is clear that a minimum (or critical) pressure
gradient across a porous medium is required for flow of a Bingham material
to occur. A previous study by Nieckele et al. [23] confirms this, and shows
the location of unyielded zones and the tendency towards plug flow as the
yield stress is increased. But it has not been shown how the critical pressure
gradient can be predicted from an explicit relationship, or how the pressure
gradient across a porous medium is related to the flow rate: the previous work
by Nieckele et al. is primarily qualitative in nature. The determination of such
relationships is essential for the development of an accurate description of
complex large-scale flows of such fluids through porous media. A main outcome
of the previous work on inelastic shear-thinning fluids cited above is that, for
several cylinder arrangements and a range of flow angles, the results for shearthinning and shear-thickening fluids can be expressed in terms of those for the
corresponding Newtonian fluid flow, resulting in a modified Darcy’s law (this is
discussed in detail in [7,9]; see also Section 3.4 below). Woods et al. [9] showed
that similar conclusions hold for flow through arrays of elliptical cylinders. This
outcome of previous work can be used further to understand and model flows
of shear-thinning fluids with a significant low-shear-rate Newtonian plateau (in
the viscosity vs shear rate curve), as shown in [7], and flows of shear-thinning
fluids with inertia [8]. The present paper aims to provide a similar level of
understanding and modelling of corresponding flows of Bingham fluids.
Therefore, in this paper we present a quantitative investigation of the flow of
a fluid with a yield stress through a periodic array of cylinders. This study
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addresses the main problem of steady creeping flow in the plane perpendicular
to a square array of cylinders, with the flow directed along one of the principal
axes of the array. This is motivated by previous work on shear-thinning fluids
[7–9], which shows that results for a variety of other flows can be related to this
basic flow. Some results will be presented for flow directed at an angle of 45
degrees with respect to the main axis of the array (in the plane perpendicular
to the cylinders), these will prove to be very similar.
The main dimensionless parameters are the solid area fraction φ and the dimensionless yield stress, or Bingham number
Bn ≡ aτ0 /(µB U ),

(1)

where a is the radius of the cylinders, τ0 is the yield stress, µB is the Bingham
viscosity and U is the cell-averaged fluid velocity (which is the velocity component in the main flow direction averaged over the total area of the array,
including the space occupied by the cylinders, where the velocity is taken to
be zero). The numerical method to solve the equations of motion of the biviscosity model is essentially the same as that presented in [7], the adaptations
made are provided in Section 2, together with convergence tests. Results are
presented for large ranges of φ and Bn in Section 3. A main objective is to
determine the functional dependence of the drag coefficient of a cylinder in
the array on Bn (Sections 3.3 and 3.4). These results are used subsequently to
determine the critical pressure gradient required for flow to occur (Sec. 3.5).
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Equations of motion and numerical method

If the magnitude of the deviatoric stress exceeds the yield stress, the Bingham
material yields and behaves like a non-Newtonian fluid. The yield criterion is
that the second invariant Πτ ≡ ( 21 τkl τkl )1/2 of the deviatoric stress tensor τij
exceeds the yield stress, τ0 . For yielded material, the deviatoric stress tensor
τij is related to the rate-of-strain tensor Eij = 21 (∂ui /∂xj + ∂uj /∂xi ) through




τij = 2 µB + τ0 Π−1 Eij = 2µA Eij

(Πτ > τ0 ),

(2)

where Π ≡ (2Ekl Ekl )1/2 is the second invariant of the rate-of-strain tensor and
µA is the apparent viscosity. In the unyielded zones the Bingham material
behaves as a rigid solid:
(Πτ ≤ τ0 ).

Eij = 0

(3)

(see [24] for a review). The numerical representation of this rheological model
is complicated mainly by two factors. First, by the difference in behaviour of
the material in the yielded and unyielded regions. Second, by the fact that
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the position of the yield surface (i.e., the surface along which Πτ = τ0 ) should
be tracked, although this is not a material surface; this was done by Beris et
al. [12] for flow past a sphere. In order to overcome both of these problems,
a modification of the Bingham model is usually adopted. We shall use here
the bi-viscosity model [16–20], corresponding to imposing a maximum value
on the apparent viscosity to be used in (2), with the additional requirement
that this maximum viscosity is sufficiently large that its value does not affect
the results. So the unyielded material is made into a very viscous fluid, rather
than a solid. The transition between the two types of behaviour occurs at
Πτ = µmax τ0 /(µmax − µB ). We introduce the regularization parameter
R=

µmax
.
µB

(4)

The Bingham material is recovered in the limit R → ∞ for a given finite value
of Bn. We present results in the next section to show that the values of R
used in our calculations were sufficiently large to give a close approach to this
limit.
We have solved the creeping flow equations using the finite-difference, fractional step method presented in [7] for body-fitted grids, based on the method
of Zang et al. [25] for Newtonian fluids. The same code (but with µA =
µB + τ0 /Π as the apparent viscosity) has been used to numerically simulate
the flow of creeping flows of inelastic non-Newtonian fluids through arrays of
circular cylinders [7], and the creeping flows of power-law fluids through arrays
of elliptical cylinders [9].
The equations of motion were solved for a unit cell of the array, using periodic
boundary conditions. No-slip boundary conditions were used at the surface
of the cylinder. A pressure drop was imposed over the unit cell by making
the pressure on the right surface of the cell (through which the fluid leaves)
equal to that on the left surface (through which the fluid enters) minus the
prescribed pressure drop ∆p. A similar approach was adopted for the bottom
and top surfaces for flows at 45 degrees. The main result from each calculation
is the cell-averaged velocity U , which is obtained by integrating the component
of velocity in the main flow direction over the entire cell, using zero velocity
inside the cylinders. We note here that, consequently, the Bingham number
is not an input parameter. In each simulation ∆p, µB , R and τ0 were chosen
and Bn was calculated a posteriori.
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3.1

Results

Effect of regularization parameter and mesh size

Results for the cell-averaged velocity U are presented for different values of the
regularization parameter R in Table 1. Results are included for three different
mesh sizes (32 × 30, 42 × 40 and 62 × 60) to show the convergence with respect
to discretization error. The solid area fraction φ was 0.1 in all cases included
in Table 1. We see that for each mesh, U converges as R is increased. The
resulting values of U correspond to Bn = 1.25 ± 0.01 or 4.28 ± 0.03 (which
therefore converge as part of the solution). The dominant source of error is
seen to be not due to the regularization parameter, but due to the mesh size.
The discretization error in U is smaller than 1% for the two largest meshes,
and converges with mesh size.
The steady-state results were obtained from a time-integration from rest, so
there is an effect of the timestep on the results. In most cases, the timestep used
was ∆t ∼ R2 , but the timestep was decreased for larger meshes, ∆t ∼ N −2
(where N is the number of mesh points in each direction). The results for
Bn = 1.25±0.01 in Table 1 were obtained using these rules, with ∆t = 8·10−4
for the 32 × 30 mesh at R = 14. The dependence of U on R shown may be
partly influenced by the timestep used. The calculation for the largest value
of R and largest mesh size shown took over 9 · 105 timesteps to approach
the steady state sufficiently closely. We have verified that for the calculations
presented below the change in U after doubling R was less than 1%. A 62 × 60
mesh has been used in all subsequent simulations. The convergence of the
shape of yield surfaces is discussed in the next subsection.

3.2

Yield surfaces

In Figure 1, the surfaces at which Πτ = τ0 , which are an approximation of the
yield surfaces, are shown for Bn = 4.28 ± 0.03, for φ = 0.1 and for different
values of R. The flow is from left to right. The yield surfaces were obtained
from the simulation data using third-order interpolation. Unyielded regions
are found around the points of symmetry; a large unyielded region occurs in
the narrowest part of the gap between the cylinders. Even at this relatively
low value of φ (= 0.1), the locations of the unyielded zones are different from
those for a single cylinder. De Besses et al. [14] showed that there are triangular unyielded zones at the stagnation points, as well as small regions close
to the cylinder top and bottom. The latter are located approximately at the
same place as the upper and lower part of the large central region in Figure 1,
5

but the former are absent in the present results. Although the presence of the
up- and downstream cylinders causes a significant disturbance in the unit cell
of the periodic array, insufficient numerical resolution could be a factor. The
calculation of Πτ requires the velocity components of neighbouring cells, and
the wedges at stagnation points are possibly too small for the present calculations to capture (a local maximum in µA at stagnation points is observed in
the data, also in off-axis flow).
The loci of the yield surfaces in Figure 1, in the corners of the domain and
parts of the surfaces in the middle left and right, have just about converged for
the largest value of R shown. The locus of the large yield surface in the centre
of the domain is converging more slowly. In order to obtain fully converged
yield surfaces, the value of R would need to be larger, which would require
a very small timestep (∆t ∼ R2 ), and excessive computational time. This
does not significantly affect the results for the mean velocity, however, as is
apparent from Table 1; the value of U has converged to within 1% for the
largest value of R.
Yield surfaces for the largest value of φ simulated here (φ = 0.6) can be
inferred from the iso-viscosity contours shown in Figure 2a,b. These figures
are for small and large values of Bn, respectively. The flow is from left to
right. The viscosity is seen to vary rapidly close to unyielded zones, but slowly
elsewhere. Although the yield surface locations are similar to those in Figure
1, the unyielded regions in the corners of Figure 2 are seen to touch the
cylinder surfaces, and to consist of the entire regions between neighbouring
(up- and downstream) cylinders. The size of these latter regions appears to
be only weakly dependent on the value of Bn, whereas the other regions grow
significantly with Bn.

3.3

Drag coefficient

The pressure drop applied across the unit cell is balanced by the drag force on
the cylinders. This force balance over the unit cell has been used to obtain the
drag coefficient (alternatively, a modification of Darcy’s law can be obtained;
the drag coefficient is related inversely to the effective permeability coefficient,
as is discussed in [9]; see also the conclusions section below). As a result of
dimensional analysis, we can introduce a drag coefficient Cd by writing, for
the limit R → ∞ considered here,
F ≡ Cd (φ, Bn)µB U,

(5)

where F is the applied force per unit length of cylinder. F is the product
of the applied pressure drop over the cell and the length of the side of the
cell, and is therefore known; the cell-averaged velocity U is obtained from the
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simulations, and the drag coefficient is obtained from (5).
Results for Cd as a function of Bn are shown in Figure 3 for a range of
solid volume fractions (0.01-0.6). All of the simulation results approach the
corresponding Newtonian value for Bn = 0 (indicated by the dotted lines),
as required. We found the results for Bn = 0 to agree within 1% with those
previously published by Sangani and Acrivos [1].
The results for dilute arrays at intermediate values of Bn are seen to be close
to the approximate results for a single cylinder (obtained by a variational
method by Adachi and Yoshioka [13]), and a fit of more recent simulations
for a single cylinder by De Besses et al. [14]. (It should be noted that the
numerical approximations made by Adachi and Yoshioka [13] are crude, and
that De Besses et al. [14] used the Papanastasiou model.)
At large Bn, most results appear to converge to an analytical asymptotic
result for a single cylinder, obtained from a slip-line analysis [13]:
Cd ≈ (2π + 4) Bn

(single cylinder).

(6)

This is only an approximate result, because Adachi & Yoshioka [13] assumed
a simple yield surface and only took pressure variations into account, but the
simulations of De Besses et al. [14] also show reasonable agreement. If Bn is
sufficiently large, the fluid is expected to yield only in a small region around
each cylinder as if each cylinder is isolated. We shall discuss in the next section
the case of relatively large φ, where the cylinders are very close together (this
will be of interest because the numerical results for concentrated arrays appear
not to converge exactly to (6)).
In Figure 4 the same results are used to plot the difference between Cd (φ, Bn)
and its corresponding value c0 (φ, Bn = 0) for a Newtonian fluid (of viscosity
µB ). Remarkably, close inspection of this graph shows that we can write a
simple approximation
Cd (φ, Bn) ≈ c0 (φ) + c1 (φ)Bn.

(7)

We see that c1 does not depend strongly on φ for intermediate values of φ, the
data almost collapse onto a single line. Results are also shown for flow directed
at an angle of 45 degrees with respect to the main axis of the array (in the
plane perpendicular to the cylinders),
at φ = 0.3. Here, U in the definition
q
2
of Bn and Cd is replaced by U1 + U22 , where Ui is the cell-averaged fluid
velocity component in the i−direction. The results for off-axis and on-axis
flow are seen to be very similar.
For very small values of Bn, the right-hand side of (7) could be regarded as
the first two terms of a Taylor series expansion in Bn, with the first term
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corresponding to a Newtonian fluid (Bn = 0). However, the results presented
here extend far beyond a small perturbation to the Newtonian fluid. The range
of Bn for which results are presented here is significant: the drag coefficient
changes in this range by at least a factor of two for all solid fractions, and
the unyielded regions are found to be substantial (this is discussed further in
section 3.4 below). For the range of values of Bn covered by the present simulations, we did find a weak deviation from (7) as Bn was increased. Moreover,
the second term on the right-hand-side of (7) becomes significant even at small
values of Bn in the case of dilute arrays.
We have obtained the coefficient c1 as a function of solid fraction as the linear
coefficient in a second-order polynomial fit to the simulation data shown in
Figure 4. The results are dominated by the smaller values of Bn, such that
omitting the data point at the largest value of Bn for each solid fraction
resulted in a change in c1 of less than 2%. The results are shown by square
symbols in Figure 5. The value for c1 for the results shown in Figure 4 for
flow at 45 degrees with φ = 0.3 is approximately 24.5, which is quite close to
the corresponding on-axis result of 22.2. A strong increase in c1 is seen at low
and high solid fractions. We also see that all values are significantly above the
approximate result (6) for a single cylinder, which was derived for large Bn.
For φ = 0.1, relatively large values of Bn were simulated, and from Figure 3 it
is seen that higher-order corrections to (7) would result in a closer agreement
with (6).
Some insight into these results can be obtained by observing that (7) is approximately valid for any value of Bn, and investigating the case of large Bn
to obtain an approximation for c1 . At large Bingham numbers, one expects the
apparent viscosity to be dominated by τ0 Π−1 (cf. (2)). Neglecting the Bingham
viscosity in (2) everywhere amounts to supposing the material to be perfectly
plastic, which corresponds to the limit of a power-law fluid with power-law index equal to zero. We shall now investigate under what circumstances this is a
good approximation. In [7] results have been presented for flows of power-law
fluids through arrays of cylinders. For power-law fluids, (2) is replaced by
τij = KΠn−1 Eij ,

(8)

where K and n are the power-law coefficient and index, respectively, and the
drag coefficient Ĉd is defined by
F ≡ Ĉd (φ, n)Ka1−n U n .

(9)

Although the numerical simulations presented in [7] do not extend down to
n = 0, a very simple scaling relation was found for the drag coefficient which
8

we shall use here to extrapolate the results for Ĉd to n = 0:

Ĉd (φ, n) = Ĉd (φ, 1)

φ

!(1−n)/2 

φmax

L
a

2−2n

,

(10)

where L/a depends on the solid fraction and φmax is the maximum solid fraction (φmax = π/4 for square arrays). Ĉd (φ, 1) is the drag coefficient for a
Newtonian fluid, corresponding to c0 (φ) in (7). The results presented in [7]
show that L is approximately equal to half the minimum distance between the
cylinders, Lg , if φ is not very small. For square arrays, Lg /a = (φmax /φ)1/2 − 1.
Returning to the case of Bingham fluids, we see that neglecting µB in (2) corresponds to a power-law fluid with n = 0 and K = τ0 , while the drag coefficients
are related by Cd = Ĉd (φ, n = 0)Bn. Hence we find the approximation

c1 (φ) ≈ Ĉd (φ, n = 0) ≈ c0 (φ)

φ
φmax

!1/2 

L
a

2

≡ ĉ1 .

(11)

In Figure 5 we compare the results for c1 as a function of solid fraction with ĉ1
given by (11). In the determination of ĉ1 , we have used the numerical results
in [7] for the ratio L/a in (11). Alternatively, the reasonable approximation
L = Lg could have been used (it was found that this would have resulted in
a small shift upwards of the results in Figure 5, closer to the results for c1 ).
We see that for 0.1 < φ < 0.3, ĉ1 is close to c1 , although consistently smaller;
but for dilute and concentrated arrays c1 becomes significantly larger than
ĉ1 . We have also plotted in Figure 5 a lubrication theory for perfectly plastic
materials derived in [7] (their equation (15)),

3/2 
ĉlub
π 1−
1 = 2

φ
φmax

!1/2 −1/2

,

( |φ − φmax |  1),

(12)

which is seen to agree well with the result (11), supporting the extrapolation
procedure adopted here to obtain Ĉd for n = 0.
The expression (7), when c1 is approximated by ĉ1 given in (11), corresponds
to writing the total drag force on a cylinder in a Bingham fluid as the sum
of the forces corresponding to Newtonian fluid and perfectly plastic fluid,
respectively. We conclude from the reasonable agreement between c1 and ĉ1
in Figure 5 that this is a reasonable approximation, especially at intermediate
solid fractions.
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3.4

Concentrated arrays

In order to explain the difference between the numerical simulations and the
approximation (11) at relatively large values of φ, we derive here a lubrication
theory for Bingham fluids.
Adopting the bi-viscosity model, it is straightforward to derive the velocity
profile in the narrow gap between the cylinders using standard lubrication
theory arguments. Denoting the coordinate in the flow direction by x (with
x = 0 corresponding to the point where the gap size reaches its smallest value)
and the cross-flow coordinate by y (y = 0 corresponding to the symmetry axis),
the result is (for y ≥ 0)

U(x) + 2−1 µ−1 (dp/dx) y 2
(y ≤ y0 ),
max
u(y) =
−1
−1
2
2
−2 µ (dp/dx) (h − y ) − µ−1 τ0 (h − y)
B

B

(y ≥ y0 ),

(13)

in which U(x) = − 21 (dp/dx)(h2 − y02 (1 − µB /µmax ))/µB − τ0 (h − y0 )/µB is a
slowly varying “plug” velocity that is obtained from continuity of u at the
yield surface y = y0 (x), and h(x) is half the gap size.
In a “naive” approach, the yield surface location y0 would be obtained from
the yield condition,
dp
τ0 = −y0 .
(14)
dx
But this is only correct if normal stresses can be ignored compared to shear
stresses in the “unyielded” region. From the full two-dimensional yield criterion and (13) it can be shown that this restricts the analysis to the case
µmax /µB  (a/h)1/2 (see also [20,26]).
An equation for the pressure gradient can be obtained by integrating (13) over
the cross-section, equating the result to the (x−independent) flux through half
the gap, U c (c is half the distance between the centres of two neighbouring
cylinders), and taking the limit µB /µmax → 0:


P 3 + 3 B −1 +

1
1
P 2 − = 0,
2
2


(15)

with P ≡ (h/τ0 )(dp/dx) and B ≡ τ0 h2 /(µB U c) = h2 Bn/(ac).
In the limit of concentrated arrays, B is a small parameter unless Bn is extremely large, which was not the case in the numerical simulations. For small
values of B, the solution of (15) is
P = −3B −1 −
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3
+ O(B 2 ).
2

(16)

The drag coefficient can now be obtained from integrating the pressure gradient with respect to x. The first two terms on the r.h.s. of (16) result in a drag
coefficient that can be written in the form of (7) with
3 lub
club
1 = ĉ1 ,
2

(17)

is given by (12). This result is indicated by a solid line in Figure
where ĉlub
1
5. The data for c1 are seen to approach (17) for large values of φ. This is surprising, because the lubrication theory is valid only for µmax /µB  (a/h)1/2 ,
whereas in the simulations, the limit µB /µmax → 0 is taken for a given value
of φ; the convergence of all results with respect to the value of µmax has been
tested. The results suggest therefore that the order in which the two limits
are taken is not important.
In the limit of large values of B it can be shown that to leading order P = −1,
lub
which leads to club
1 = ĉ1 , as required. The difference between the data for c1
and the approximation (11) at large solid fractions arises because very large
values of Bn are required in order to approach the perfect-plastic regime for
concentrated arrays (which would lead to a deviation from (7)).

3.5

Critical pressure gradient

A minimum (or critical) pressure gradient is of course required for a Bingham
fluid to flow through the array. In Figure 6 the superficial fluid velocity is
shown as a function of the pressure gradient across the array, G = ∆p/(2c),
where ∆p is the pressure drop over the unit cell. Beyond the critical pressure
gradient, the velocity is seen to gradually approach the Newtonian fluid value
(as the regions where the stress is close to the yield stress shrink to zero).
The critical pressure gradient is seen to increase with solid area fraction. The
results presented by Nieckele et al. [23] are qualitatively similar, although a
different geometry was considered.
It is clear from Figure 6 that values of Bn larger than those for which results
have been presented above occur only in a very small range of G, just beyond the onset of flow. Hence it must be possible to obtain from (7) (which
represents the results presented so far) an accurate prediction of the critical
pressure gradient. The definition of the drag coefficient (5) can be written
explicitly in terms of the pressure drop across a unit cell of the array:
1
φ
∆p
= Cd (φ, Bn)
τ0
2
φmax
11

!1/2

Bn−1 .

(18)

Upon substitution of the approximation (7), we have
2cGcrit
U (Bn)
≈1−
U (0)
τ0




τ0
,
2cG

(19)

with the critical dimensionless pressure gradient
2cGcrit
1
φ
= c1 (φ)
τ0
2
φmax

!1/2

.

(20)

The left-hand side of (19) is the ratio of the superficial fluid velocity to
the corresponding value for a Newtonian fluid at the same pressure gradient (U (0) = 2c∆p/(Cd (φ, 0)µB )). This result is also shown in Figure 6 (as
the solid lines), and is seen to be a good approximation, even quite close to
the critical value of 2cG/τ0 . Details of the unyielded regions just beyond the
onset of flow cause the drag to be larger than (7), so that (20) is a slight
overestimate.

4

Conclusions

Numerical simulation data have been presented for the flow of Bingham fluids
through periodic arrays of cylinders. The rheology of the fluids was regularized using a bi-viscosity model. The cell-averaged fluid velocity is shown to
converge for sufficiently small values of the regularization parameter, although
the shape and position of (the approximations of) the yield surfaces may not
have precisely converged for the largest values of Bn simulated.
The drag coefficient Cd of a cylinder is shown to depend approximately linearly
on the Bingham number (cf. (7)), where Bn = 0 corresponds to a Newtonian
fluid. This is the case for flow directed along an axis of the array and at 45
degrees (in the plane perpendicular to the cylinders). The results show that
the drag force on a cylinder in a Bingham fluid can be approximated by the
sum of the drag forces in the corresponding cases of Newtonian and perfectly
plastic fluids. Some deviation from this approximation occurs in concentrated
arrays. We present a lubrication theory which indicates that convergence to
the result for perfectly plastic fluids can be obtained only for very large values
of the Bingham number. The approximation (7) is used in Sec. 3.5 to derive
a criterion for the onset of flow through an array.
The present results suggest a particular Darcy-type formulation for flow of
Bingham fluids through fibrous media. On a large scale, the pressure gradient
across an array of cylinders is balanced by the drag forces exerted by the
cylinders. Substitution of (5) for the drag on a single cylinder in the array
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leads to the Darcy-type law,
∂p
= −K −1 (φ, Bn)µB U,
∂x

(21)

where K(φ, Bn) = (φ/(πa2 ))Cd−1 (φ, Bn) is the effective permeability. The
results presented in this paper show that, for flow perpendicular to the axis
of the cylinders, along an axis of the array, the approximation
K(φ, Bn) ≈

φ
(Cd (φ, 0) + c1 (φ)Bn)−1
πa2

(22)

may be used, with c1 (φ) given by (11) (for intermediate φ) or (17) (for large
φ). The close agreement between results for flow along an axis of the array and
at 45 degrees suggests that, for arbitrary off-axis flow at intermediate φ, the
components of the pressure gradient also satisfy (21) (with K approximately
equal to its on-axis value), if U in the right-hand-side of (21) is replaced by
the corresponding component of the cell-averaged velocity vector, and U in
the definition of Bn by the magnitude of the cell-averaged velocity vector.
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mesh size
32 × 30

Bn

R

U

1.24 14.0 7.48 · 10−2
1.25 19.4 7.43 · 10−2
1.25 26.9 7.41 · 10−2

42 × 40

1.25 14.1 7.40 · 10−2
1.26 19.4 7.37 · 10−2
1.26 26.7 7.35 · 10−2

62 × 60

1.25 14.1 7.40 · 10−2
1.26 19.4 7.38 · 10−2
1.26 27.0 7.37 · 10−2
1.26 42.2 7.37 · 10−2

62 × 60

4.25 90.5 3.36 · 10−2
4.28

201

3.33 · 10−2

4.3

449

3.32 · 10−2

Table 1: Effects of the regularization parameter R and number of mesh points
on the computed cell-averaged velocity U for solid fraction φ = 0.1. The yield
surfaces for the cases Bn = 4.28 ± 0.03 are shown in Figure 1.
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Figure captions

Figure 1. Effects of the regularization parameter R on the yield surfaces,
defined as the surfaces where Πτ = τ0 . The solid fraction is φ = 0.1, the Bingham number is Bn = 4.28 ± 0.03; the mesh size is 62 × 60. Flow is from left
to right. Yield surfaces are shown for R = 449, 201 and 90.5 (these cases are
also shown in Table 1). The unyielded zones include the points of symmetry,
and decrease in size with increasing values of R.

Figure 2. Contours of constant apparent viscosity for φ = 0.6; Bn = 22.4,
R = 45.7 (a) and Bn = 1322, R = 991 (b). The viscosity values used (where
µB = 1) are 0, 4.4, .., 44 and 0, 98, .., 980, respecitively.

Figure 3. Numerical results (•) for the drag coefficient Cd of a cylinder in a
square array as a function of the Bingham number Bn for solid area fractions,
from bottom to top, 0.01, 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6. The horizontal dotted
lines represent the Newtonian values (Bn = 0). Also shown are the approximate asymptotic result (6) (solid line) and numerical simulation results for a
single cylinder (2) by Adachi & Yoshioka (1973); the dashed line is the correlation for a single cylinder obtained from numerical simulations by De Besses
et al. [14].

Figure 4. Numerical simulation results for the difference between the drag
coefficient Cd of a cylinder in a square array and that for a Newtonian fluid
as a function of Bingham number Bn for area fractions 0.01 (2), 0.1 (∆), 0.2
(o), 0.3 (), 0.4 (∇), 0.5 (+) and 0.6 (.). Also shown () is Cd for flow at an
angle of 45 degrees with respect to an axis of the array (φ = 0.3).

Figure 5. Coefficient c1 in (7) as a function of solid fraction φ: (2), obtained
from the numerical simulation data shown in Figure 3 by fitting second-order
polynomials; (∆), ĉ1 obtained from the approximation (11) by extrapolating a
scaling result for power-law fluids to n = 0. The solid and dashed lines are the
lubrication theories (17) and (12) for biviscosity fluids and perfectly plastic
materials, respectively. The dotted line is the approximate result (6) of Adachi
& Yoshioka (1973) for a single cylinder.
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Figure 6. Superficial fluid velocity U (divided by the corresponding Newtonian fluid value) as a function of dimensionless pressure gradient 2cG/τ0 .
(2), φ = 0.1; (∆), φ = 0.3; (o), φ = 0.6. The lines represent (19).
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Fig. 1. Effects of the regularization parameter R on the yield surfaces, defined as
the surfaces where Πτ = τ0 . The solid fraction is φ = 0.1, the Bingham number is
Bn = 4.28 ± 0.03; the mesh size is 62 × 60. Flow is from left to right. Yield surfaces
are shown for R = 449, 201 and 90.5 (these cases are also shown in Table 1). The
unyielded zones include the points of symmetry, and decrease in size with increasing
values of R.
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Fig. 2. Contours of constant apparent viscosity for φ = 0.6; Bn = 22.4, R = 45.7
(a) and Bn = 1322, R = 991 (b). The viscosity values used (where µB = 1) are
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Fig. 3. Numerical results (•) for the drag coefficient Cd of a cylinder in a square
array as a function of the Bingham number Bn for solid area fractions, from bottom
to top, 0.01, 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6. The horizontal dotted lines represent the
Newtonian values (Bn = 0). Also shown are the approximate asymptotic result (6)
(solid line) and numerical simulation results for a single cylinder (2) by Adachi &
Yoshioka (1973); the dashed line is the correlation for a single cylinder obtained
from numerical simulations by De Besses et al. [14].

21

Cd(Bn)-Cd(Bn=0)

104

103

10

2

101

0

10 -2
10

10

-1

10

0

10

1

10

2

10

3

Bn
Fig. 4. Numerical simulation results for the difference between the drag coefficient
Cd of a cylinder in a square array and that for a Newtonian fluid as a function of
Bingham number Bn for area fractions 0.01 (2), 0.1 (∆), 0.2 (o), 0.3 (), 0.4 (∇),
0.5 (+) and 0.6 (.). Also shown () is Cd for flow at an angle of 45 degrees with
respect to an axis of the array (φ = 0.3).
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numerical simulation data shown in Figure 3 by fitting second-order polynomials;
(∆), ĉ1 obtained from the approximation (11) by extrapolating a scaling result for
power-law fluids to n = 0. The solid and dashed lines are the lubrication theories
(17) and (12) for biviscosity fluids and perfectly plastic materials, respectively. The
dotted line is the approximate result (6) of Adachi & Yoshioka (1973) for a single
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