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Time-domain impedance models for CAA

Acoustic treatments:
• Frequency domain impedance Z(ω)
for locally reacting liners.

• Impedance tube measurements.
• Impedance models.

❍�✁✂✄☎✁✆✝ ✞✟✂✠�✡ ✦

✵ ✶✵ ✷✵ ✸✵ ✹✵ ✺✵ ✻✵ ✼✵

❘

☛
☞
✌
✍

✎❀
✏
✥
✏
❪

✲✹

✲✸

✲✷

✲✶

✵

✶

✷

Time-domain CAA simulations:
• Complex geometry and flow
(boundary layer).

• Physical instability?
• Numerical accuracy and stability.
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Outline

The acoustic impedance of a surface is a concept that is primarily formulated in the
frequency domain. More and more acoustic numerical simulations are performed in
the time domain.

• Requirements for a physical impedance model.
• Implementations.
• Numerical stability.
• Impedance condition with boundary layer.

2/30



Model problem

1D sound field coupled to a reacting surface

reacting surface
wave equation

x = 0

• Wave equation:
1
c20

∂2p
∂t2 − ∂2p

∂x2 = 0 , for x < 0 .

• Reacting surface at x = 0 characterised by the impedance Z(ω) in the frequency
domain (or admittance A):

û(x = 0, ω) = p̂(x = 0, ω)/Z(ω) = A(ω)p̂(x = 0, ω) .

• Initial conditions:

p(x, t = 0) = . . . , u(x, t = 0) = . . . .
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Formal solution

reacting surface
wave equation

x = 0

The solution is of the form:

p(x, t) = f(t− x/c0) + g(t+ x/c0) , u(x, t) = 1
ρ0c0

[f(t− x/c0)− g(t+ x/c0)] .

The reflected wave is given by ĝ(ω) = R(ω)̂f(ω) with the reflection coefficient

R(ω) = Z(ω)− ρ0c0
Z(ω) + ρ0c0

=
1− ρ0c0A(ω)
1+ ρ0c0A(ω)

.

In the time domain we get a convolution product:

g(t) =
∫ +∞

−∞
r(τ)f(t− τ) dτ , with r(t) = 1

2π

∫
CR

R(ω)eiωt dω ,
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Formal solution

Alternatively, the time-domain equivalent of the impedance relation is

p(x = 0, t) =
∫ +∞

−∞
z(τ)u(x = 0, t− τ)dτ , with z(t) = 1

2π

∫
CZ

Z(ω)eiωt dω , (1)

and likewise for the admittance:

u(x = 0, t) =
∫ +∞

−∞
a(τ)p(x = 0, t− τ) dτ , with a(t) = 1

2π

∫
CA

A(ω)eiωt dω . (2)

Two different ways to formulate the problem, but they are not necessarily consistent...
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Physical impedance functions



Impedance data

Assuming a locally reacting liner.

Measurements:
• Limited frequency range.
• Noisy.
• No underlying model.

Impedance model:
• For instance:

Z(ω) = R+ iXm − i cot(kh) .

• Not always possible to realise this in
the time domain.
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Requirements for a physical impedance

Rienstra (2006) suggested a number of conditions for physically admissible
impedance functions:

Reality: z ∈ R so Z(ω) = Z∗(−ω).

Passivity: positive net energy flux into the surface: Re[Z(ω)] ≥ 0 for ω ∈ R.

‘Causality’:

• Z(ω) should be analytic and non-zero in the lower half plane.
• z(t) and a(t) should not include unstable modes.
• It is really a stability+causality condition.
• Linked to the Kramers–Krönig relation.

These are the most commonly cited requirements for a physical impedance. Main
issue is that the impedance represents the reacting surface in isolation (not coupled
with the fluid region).

7/30



Requirements for a physical impedance

Or we can use the reflection coefficient as the main quantity (Fung & Ju, 2001):

Reality: r ∈ R so R(ω) = R∗(−ω).

Causality: r(t) = 0 for t < 0: the path of integration CR should be below all the poles
of R(ω) (this does not preclude the existence of unstable modes).

Stability (optional):

• Preclude the presence of unstable modes
• R(ω) should be analytic in the lower half plane.

Passivity (optional):

• Positive net energy flux into the surface.
• |R(ω)| ≤ 1.
• Implies stability.

These conditions apply to the whole system (fluid + reacting surface).
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Examples

Unstable oscillator: mass-spring-damper impedance model

Z(ω) = D+ iωM− iK/ω =
K+ iωD− ω2M

iω ,

R(ω) = Z(ω)− ρ0c0
Z(ω) + ρ0c0

=
K+ iω(D− ρ0c0)− ω2M
K+ iω(D+ρ0c0)− ω2M .

• With −ρ0c0 < D < 0 the oscillator in isolation is unstable.
• When coupled to the fluid the system is stable due to the radiation impedance of
the fluid.

• It is not passive.
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Examples

Reactive: purely reactive impedance:

Z(ω) = −iωb , R(ω) = − iωb+ ρ0c0
ρ0c0 − iωb

• Based on the impedance requirements this model should be stable and passive.
• But there is an unstable pole in the reflection coefficient at ω = Ω for which
Z(Ω) = −ρ0c0 with Im(Ω) < 0.

• The impedance is passive on the real axis, Re(Z) ≥ 0, but this is not the case for
the unstable pole of R.
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Time-domain implementations



Choice of impedance functions

The objective is to choose a family of impedance functions complying with the
following requirements:

• Retain the requirements for a physical impedance.
• Sufficiently general to cover a wide range of impedance functions.
• Can be realised in the time domain in the form of an evolution equation.
• Lead to a fast and accurate numerical model (i.e. to be on par with current
high-order schemes used for acoustics).

Some of the methods available:

• Mass-spring-damper, aka three-parameter model (Tam et al, 1996).
• Linear recursive convolution (Kelley et al, 1996).
• z-transform (Özyörük et al, 1998).
• Extended Helmholtz Resonator (Rienstra, 2006).
• Broadband models (Reymen et al, 2008; Li et al, 2012).
• Diffusive terms (Monteghetti et al, 2016).
• ...
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Recursive convolution

A large family of methods involves calculating an approximation for the convolution
integral

p(t) =
∫ +∞

0
z(τ)u(t− τ) dτ .

For instance Tam & Auriault (1996), Rienstra (2006).

Typically the impedance function is taken as a rational function with a pole-residue
expansion of the form:

Z(ω) = D0 + iωD1 +
Np∑
n=1

(
Cn

iω − λn
+

C∗n
iω − λ∗

n

)
,

corresponding to

z(t) = D0δ(t) + D1δ′(t) + 2H(t)
Np∑
n=1

|Cn|eαnt cos(βnt+ γn) .
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Recursive convolution

The numerical approximation at time step k is

p(k∆t) = D0u(k∆t) + D1
du
dt (k∆t) +

Np∑
n=1

Jn(k∆t) ,

with Jn auxiliary variables updated at each time step to calculate the integral:

• Piecewise-constant integration: 1st order scheme.
• Piecewise-linear integration: 2nd order scheme.

Issues:

• Low-order approximations (essentially using two different integration schemes).
• Not an evolution equation: the coupling with the wave equation is difficult to
apply consistently.
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Mass-spring-damper model

For the impedance this corresponds to

Z(ω) = D+ iωM− iK/ω ,

which can be implemented by the following coupled equations:

∂η

∂t =
1
M (p− Kξ − Rη) , ∂ξ

∂t = η ,

with η and ξ the velocity and displacement.

• This single-degree-of-freedom system is forced by the acoustic pressure p and
the fluid normal velocity is given by η.

• These equations are easily solved alongside the time-domain model for the wave
equation using the same integration scheme. The same order of convergence
can directly achieved.

• This approach can be used for the reflection coefficient as well.
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Broadband model

This can be generalised to broadband model. For a passive surface we can write:

R(ω) = D0 +
Np∑
n=1

(
Cn

iω − λn
+

C∗n
iω − λ∗

n

)
.

And the corresponding expression for the incoming wave is:

g(t) = D0f(t) + 2
Np∑
n=1

|Cn|
∫ +∞

0
eαnτ cos(βnτ + γn)f(t− τ) dτ ,

Each term in the sum is the response of a forced mass-spring-damper oscillator so
we write

g(t) = D0f(t) +
Np∑
n=1

Pn(t) ,

This can be implemented as a collection of mass-spring-damper oscillators. These
oscillators are solved for using

dPn
dt = Qn(t) ,

dQn
dt = anf(t) + bn

df
dt (t) + cnQn(t) + dnPn(t) .

These auxiliary variables are integrated in time in the same way as the sound field.15/30



Broadband model

• We can use the same time integration scheme as the acoustic domain.
• The coefficients can be found using the Vector Fitting algorithm which
guarantees that the resulting system is stable (Gustavsen et al, 1999).

• The same approach can be used for the impedance function (but the coefficients
provided by vector fitting Z(ω) might be unstable).

• Similar to ADE method proposed by Dragna et al (2015).
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Examples

Numerical error on the reflected waveform g:
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Examples

Simulated impedance tube:
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Numerical Stability



Loss of causality?

In the literature, a number of problems observed in numerical simulations of
time-domain impedance models has been attributed to a loss of causality.

• All of these were reported for explicit integration schemes.
• With these schemes the solution at time t is calculated explicitly from previous
time steps.

• By construction these numerical models were causal.
• Numerical stability was assessed in terms of Courant number for the sound
propagation only.

• The stability of the complete coupled problem was not considered.
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Numerical stability

The absolute stability of a time marching scheme is defined in relation to the
following simple differential equation:

dq
dt = λq , with λ ∈ C . (3)

The solution of this equation is q(t) = q0eλt with the initial condition q0 = q(t = 0).

In the numerical approximation (for instance
Runge–Kutta) we identify the amplification factor G
between two time steps:

q(t+∆t) = G(λ∆t) q(t) , with G(z) = 1+
Ns∑
s=1

aszs ,

The solution is stable if |G(λ∆t)| < 1.
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Example

For the 1D problem with a mass-spring-damper model for the liner:
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CFL=0.8

CFL=0.6

One-dimensional model with the MSD impedance function and M = 0.03, K = 25 and D = 25. (a)
Region of stability of the time marching scheme (green) and locations of the pole of the
reflection coefficient for a Courant number of 0.8 (red) and 0.6 (blue). (b) Numerical solutions
for pressure at t = 0.64 obtained with a Courant number of 0.8 (red) and 0.6 (blue).
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Boundary layer models



Liners with flow

The boundary layer above the acoustic
treatment has a significant effect on the
absorption achieved by this treatment.
• Refraction effect through the mean
boundary layer profile.

• Coupling with the hydrodynamic field
in the boundary layer.

The traditional impedance relation
ûn(ω) = p̂(ω)/Z(ω) cannot be used
directly.

y

x

mean flow profile

boundary layerδ

lined surface

From McAlpine et al, JSV 2007.
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The Ingard–Myers condition

The Ingard–Myers model is derived for an
infinitely thin boundary layer.

ûn(ω) = (iω + u0 ·∇)
p̂(ω)

iωZ(ω) .

Several ways to implement this in the time
domain. For instance

∂un
∂t =

∂η

∂t + u0 ·∇η ,

with
η(t) =

∫ +∞

0
a(τ)p(t− τ) dτ .

y

x

mean flow profile

boundary layerδ

lined surface

y

x

mean flow profile

boundary layerδ

lined surface

vortex sheet

no flow
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Instability

Consider a uniform mean flow above a flat
surface (y = 0) and we use the Ingard–Myers
condition on the surface. We can look for
solution in the form

p ∝ exp(iωt− ikx) .

When fixing k and looking for solutions for ω, we
can find unstable modes, that is modes
exponentially growing with time (when
Im(ω) < 0).
• For proper boundary layers, some
wavenumbers are unstable, but small
length-scales are stable.

• Myers only provides an accurate
approximation for the long wavelengths.

• The growth rate predicted with the Myers
condition increases indefinitely as k→ ∞.

• In theory, this model will blow up instantly
after the initial condition!

growth rate of the most unstable
mode
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When numerical error is good for you

In practice, numerical solutions with the Myers condition exhibit instabilities, but not
as bad as suggested by the theory. These instabilities can be removed with a strong
filtering of the solution.
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When numerical error is good for you

This can be explained by the dispersion error of the numerical scheme, in particular
the aliasing effect due to the sampling of the solution. A theoretical wavenumber k
will behave in the numerical model as a wavenumber κ.
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Modified impedance condition

It is possible to improve the Myers condition by adding higher-order term in the
approximation for δ small (Brambley, 2011).

∂un
∂t =

(
∂

∂t + u0 ·∇
)
η + δu0 ·

(
∇2
⊥u′

)
+ δρ0u0 ·∇

(
∂

∂t +
2
3u0 ·∇

)
ν,

• The growth rate remains bounded for all k, so the model is well posed.
• It provides better predictions of sound attenuation and also includes a
convective instability.

• Viscosity is not included.
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Modified impedance condition

• The aliasing due to the finite-difference approximation leads to 2 spurious
instabilities, in addition to the theoretical one.

• Carefully designed selective filters can remove these.
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Conclusions



Summary

Time-domain impedance:

• The reflection coefficient should be used to assess the stability of the theoretical
model and of the numerical implementation.

• The reflection coefficient should be used when fitting data to identify parameters
of impedance models (using vector fitting approach) to obtain a stable model.

• Most implementations lead to low-order convergence of the numerical model.
• When evolution equations are used, consistent integration leads to high-order
models.

Time-domain impedance condition with boundary layer:

• Different boundary conditions can be implemented in the time domain.
• Presence of expected and/or spurious instabilities. Selective filters have to be
designed carefully to target the latter.
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Perspectives

Impedance conditions:

• Non-linear liner response in the time domain.
• Non-locally reacting liner.
• Boundary layer effects: physical models and robust/accurate implementations.
• End points of the liner.

Use in CFD simulations:

• For acoustic damping (Olivetti et al, 2015) using MSD model.
• For the influence on the boundary layer (Scalo et al 2015) using the method of
Fung & Ju.

• More general boundary conditions can be considered, e.g. Ronneberger et al
(2017) for transfer of momentum.

• More fully-resolved CFD simulations are needed.
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