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On the onset of convective instabilities in cylindrical cavities heated
from below. I. Pure thermal case
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Three-dimensional steady flows are simulated in a circular cylindrical cavity of aspect ratioA
5H/D, whereH is the height andD the diameter of the cavity. The cavity is heated from below and
its sidewalls are considered to be adiabatic. The effect of the geometry of the cavity on the onset of
convection and on the structure and symmetries of the flow is analyzed. The nonlinear evolution of
the convection beyond its onset is presented through bifurcation diagrams for two typical aspect
ratiosA50.5 andA51. Axisymmetric (m50) and asymmetric~m51 andm52! azimuthal modes
@exp (imf)# are observed. ForA50.5, the axisymmetric solution loses its stability to a
three-dimensional solution at a secondary bifurcation point. Better understanding of the mechanisms
leading to this instability is obtained by analyzing the energy transfer between the basic state and the
critical mode. To study the influence of the Prandtl number on the flow pattern and on the secondary
bifurcation, three values of the Prandtl number are investigated: Pr50.02 ~liquid metal!, Pr51
~transparent liquids!, and Pr56.7 ~water!. © 1999 American Institute of Physics.
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I. INTRODUCTION

Deep understanding of fluid motion is crucial in mater
processing technologies such as crystal growth. It is w
known that such phenomena as the onset of convective
stabilities and the transition to nonperiodic or periodic m
tions in the melt can destroy the homogeneity of crysta
Our work on the Rayleigh–Be´nard instability in a cylinder is
connected to these preoccupations, even if this particula
stability has no direct relevance to any crystal-growth p
cess: in the closest situation, the vertical Bridgman confi
ration, convection sets in first because of the rad
temperature gradient, which is always present in such a
cess.

Rayleigh–Be´nard1,2 instability has been the subject of
large number of papers which have shown the importa
that the control of the boundary conditions and the geom
of the container may have on the threshold values and
observed flow patterns. Compared to the buoyant flow
tween parallel planes of infinite extent, the circular cylind
cal problem has received less attention, probably becaus
the complications introduced by the lateral boundaries.
this configuration, the analysis of the primary instabilities
the static diffusive solution has been well known since
works of Charlson and Sani,3,4 Stork and Mu¨ller,5

Rosenblat,6 and Buell and Catton.7 All these works have
shown that the structure of the emerging flow, which is giv
by the first primary threshold, depends on the aspect ratA
(A5H/D5height/diameter). A transition between an asy
metric one-roll modem51 ~solution for large values ofA!
and an axisymmetric modem50 occurs aroundA50.55 for
adiabatic sidewalls andA50.72 for conductive sidewalls.

However, the study of the convection beyond its on
2071070-6631/99/11(8)/2078/11/$15.00
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and secondary instabilities have been explored only for a
cases. The first numerical investigation of the stability of t
axisymmetric solution, for small aspect ratio, is due to Cha
son and Sani.8 They expand the disturbances into the sa
set of basis functions as the ones used for the linear anal
However, they failed in predicting the secondary instabili
since the mode truncation was too severe. Mu¨ller et al.9 in-
vestigated the flow patterns both numerically and experim
tally for Pr50.02 ~liquid metal! and Pr56.7 ~water!. The
experiment, with water, showed that the axisymmetric so
tion loses its stability to am51 perturbation at Rac2

.10Rac15361 600. But numerically, forA50.5, Pr56.7,
and Ra544 800, they found an asymmetric two-roll stab
solution, result confirmed by Neumann.10 Hardin and Sani11

approximated numerically the perturbed solution by reta
ing only the six most significant modes forA50.5, and iden-
tified a secondary bifurcation at the critical Rayleigh numb
Rac2545 800 for Pr56.7, and Rac2538 880 for Pr50.02.
For both cases, the unstable eigenvector corresponded t
modem52. Wagneret al.12 simulated numerically the flow
for A50.5 and Pr56.7, and, in contradiction with
Neumann,10 they found that the axisymmetric solution wa
stable at Ra544 800. Recently, Wanschuraet al.13 made a
complete analysis of this secondary instability. The study
been done in a range of aspect ratio for which the first p
mary threshold corresponds to the modem50. They con-
firmed that, in opposition to the primary instabilities fo
which the thresholds are independent of the Prandtl num
the secondary threshold increases with the Prandtl num
and depends also strongly on the aspect ratio. The unst
mode corresponding to this secondary transition is gener
a modem52, but it can also be a modem51, 3 or 4. For
8 © 1999 American Institute of Physics
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2079Phys. Fluids, Vol. 11, No. 8, August 1999 Onset of convective instabilities. I. Thermal case
Pr56.7, the axisymmetric solution is stable to them52 per-
turbation, and it becomes unstable to a modem51 at Rac2

5162 144. Note that all these values of Ra are based on
diameter of the cavity and not on its height.

Analyses of symmetry in convective flows can be fou
in Refs. 14 and 15. The number of solutions appearing
bifurcation can be directly related to the number of brok
symmetries, because the image of a solution by a bro
symmetry is also a solution. For the cylindrical geometry,
group of symmetries is calledO~2!3Z~2!, whereO~2! con-
tains all the rotations around thez axis and the reflections
with respect to the vertical planes containing this axis, a
Z~2! corresponds to the reflection with respect to the ho
zontal midplane.

Our purpose is the better understanding of the instab
ties of the convective flow in a cylindrical cavity heated fro
below. We use a continuation method which is appropri
for the determination of the primary thresholds and the st
of convection beyond its onset. The effect of the geometry
the cavity on the onset of the convection is presented
stability curves giving the evolution of the primary thres
olds as a function of the aspect ratio. The evolution of
stable and unstable convective solutions beyond the prim
thresholds is given through bifurcation diagrams forA50.5
andA51. ForA50.5, the energy transfer between the ba
flow and the critical mode is analyzed, around the second
bifurcation, in order to understand the mechanisms leadin
this instability. Three values of the Prandtl number are inv
tigated: 0.02, 1, and 6.7.

II. MATHEMATICAL MODEL

We consider an incompressible Newtonian fluid co
fined in a vertical cylindrical cavity of aspect ratioA
5H/D, whereH is the height andD the diameter~Fig. 1!.
The two ends of the cylinder are assumed isothermal.
lower end is held at temperatureTh , which is greater than

FIG. 1. Cavity configuration.
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the temperatureTc of the upper end, and the sidewalls a
considered to be adiabatic. All the physical characteris
are taken as constant, except the density which varies
early with temperature in the buoyancy term,r5r0„1
2b(T2T0)… ~Boussinesq approximation!, where b is the
thermal expansion coefficient andT0 the mean temperature
T05(Th1Tc)/2.

The governing equations for the temperatureT, the pres-
surep, and the velocityu are the Navier–Stokes equation
coupled with the energy equation. By scaling length by
diameterD of the cylinder, time byD2/n, velocity by U ref

5n•Gr/D, and by introducing the dimensionless tempe
ture fieldu5A(T2T0)/(Th2Tc), the equations can be writ
ten in their dimensionless form as

]u

]t
52Gr~u•“ !u2“p1“

2u1u ẑ, ~1!

¹•u50, ~2!

]u

]t
52Gr•u•“u1

1

Pr
•“

2u, ~3!

where Gr5„gb(Th2Tc)D
4
…/Hn2, and Pr5n/k are respec-

tively the Grashof and the Prandtl numbers. We can a
define the Rayleigh number as Ra5Gr•Pr. In these relations
k is the thermal diffusivity andn the kinematic viscosity.
Note that, contrary to main previous studies, Gr and Ra h
been based onD and not onH.

For the boundary conditions, the no-slip velocity boun
ary condition is prescribed at all the container walls, t
temperature is fixed at the top and the bottom, and along
lateral wall (r 5R), the normal heat flux is zero. Therefor
in their dimensionless form, the boundary conditions can
written as follows:

at r51/2, u5v5w50,
]u

]n
50, ~4!

at z50, u5v5w50, u5A/2, ~5!

at z5A, u5v5w50, u52A/2. ~6!

Setting u50, we obtain the temperature profile of th
static solution,u(z)5(A/22z), which corresponds to the
diffusive regime.

III. NUMERICAL METHODS

To solve the governing equations, we use two differe
methods: direct numerical simulation, i.e., time stepping, a
Newton’s method. Time stepping has the ability to find t
stable solutions, steady or oscillatory, with no restrictions
the initial conditions. Newton’s method allows us to fin
either stable or unstable solutions, but only steady ones
study the nonlinear evolution of the convection beyond
onset and determine the branches of steady solutions, we
a continuation method. This method is extended to the di
computation of the primary bifurcations to a steady state
in Ref. 16.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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A. Time stepping

Using a mixed implicit/explicit formulation to integrat
the equations~1! and ~3! over one time step, we get

un112un

Dt
52Gr~un

•“ !un2“pn111“

2un111unẑ

~7!

un112un

Dt
52Gr~un

•“ !un1
“

2un11

Pr
. ~8!

Here,un andun respectively are the discretized dimensio
less values of the velocity and the temperature at timetn

5nDt, andDt is the time step. The scheme presented is
first order, but for the direct numerical simulation we use
third-order version. The main idea of the splitting method

FIG. 2. Space discretization: the cavity is divided into five macro-eleme
~use of the isoparametric spectral element method!.

FIG. 3. The three principal modes,~a! m50, ~b! m51, and ~c! m52.
Left-hand side: contours of the vertical velocityw in the horizontal midplane
PH . Right-hand side: velocity field in a vertical midplane (A51).
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use to solve~7! and~8! ~Ref. 17! is to decompose each tim
step into three substeps. We first treat the nonlinear te
explicitly. We then compute the pressure by solving a sp
tral elliptic problem with Neumann boundary conditions d
pending on the nonlinear term. The resolution of the press
field insures the incompressibility of the final fieldun11

which is calculated at the third substep by treating implici
the linear terms and solving a Helmholtz problem with a
propriate Dirichlet boundary conditions.

B. Newton solver

Let U denote ~u,u!, N(U)5(2(u•“)u2“p,2u“u)
andL(U)5(“2u,“2u), so that the equations~7! and~8! can
be written as

Un112Un5Dt„Gr•N~Un!1L~Un11!…, ~9!

or

Un112Un5~ I 2Dt•L !21~Gr•N1L !Un. ~10!

If we consider

f ~U,Gr!5~Gr•N1L !U, ~11!

then the steady solutions~U, Gr! can be calculated by solv
ing f (U,Gr)50. This equation is solved by Newton’
method, withP5(I2DtL )21 used as a preconditioner. A
each Newton stepk, we then get the following linear system

PDUf ~Uk,Grk!•dUk1PDGrf ~Uk,Grk!dGrk

52Pf ~Uk,Grk!, ~12!

which is solved by the biconjugate gradient squar
method.18 The number of Newton iterations required to o
tain the final solution depends essentially on the accuracy
require for the biconjugate gradient squared method at e
Newton iteration. Referring to~10!, we see that the right-
and left-hand sides of~12! can be calculated by carrying ou
time steps~see details in Refs. 19 and 16!.

C. Continuation method

In order to study the nonlinear evolution of the conve
tion, we have to determine the evolution of the unknow

ts

TABLE I. Tests of numerical accuracy for the pure thermal case~Ra
54.104, Pr51, andA50.5!.

nx11 ny11 nz11 wmax Ec Nu

7 7 9 0.330431023 0.172 9831028 1.068 50
9 9 9 0.329931023 0.172 4031028 1.066 70
9 9 11 0.329331023 0.171 6431028 1.068 31

TABLE II. Comparison of the critical Rayleigh numbers for the onset
convection, forA50.5 andA51, with the results of previous linear stabilit
analyses.

A
Charlsonet al.

~Ref. 4!
Gershuniet al.

~Ref. 25!
Buell et al.

~Ref. 7!
Neumann
~Ref. 10!

Present
work

0.5 36 160 36 000 36 160 35 520 35 85
1 4500 3900 3800 3610 3696
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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2081Phys. Fluids, Vol. 11, No. 8, August 1999 Onset of convective instabilities. I. Thermal case
U~u,u! when the Rayleigh number~or the Grashof number!
is increased beyond the primary thresholds. The continua
method is used to construct the branches of steady solu
step by step. These solutions are characterized by the rel
f (U,Gr)50. Each step of continuation is divided into tw
substeps: prediction and correction. From a given solu
(Us ,Grs), we first predict (Up ,Grp) closer to a new solution
This prediction depends on the number of the solutions
ready calculated: we extrapolate linearly if we have two
lutions and quadratically if we have more. Then, we ap
Newton’s method to correct the prediction and calculat
new solution (Us11 ,Grs11).20 This correction is usually
made by fixing the Grashof number (Grs115Grp), except
close to pitchfork bifurcations or saddle-node points.16,21

To check the stability of the branches of solutions,
use Arnoldi’s method. We calculate a Hessenberg ma
whose eigenvalues and eigenvectors are the leading m
of the full Jacobian of the governing equations. This Hess
berg matrix, of much lower dimension than the Jacobian
easy to diagonalize.22

The continuation method combined with Newton
solver is also used to calculate the stability diagrams. T
allows us to follow the evolution of the primary threshold
even if the corresponding eigenvectors are not the most
stable modes.

D. Space discretization and accuracy

For the spatial discretization, we use an isoparame
multidomain pseudo-spectral method.23,24The computational
domain is divided into five macro-elements~Fig. 2!, and the

FIG. 4. Influence of the aspect ratio on the onset of convection. Evolutio
the primary thresholds Rac , corresponding to the modesm50, m51, and
m52, as a function ofA.

TABLE III. Critical Rayleigh numbers corresponding to the first prima
thresholds forA50.5 andA51.

Mode m50 m52 m51

A50.5 35 854 38 928 41 783
A51 10 752 8939 3696
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solution (u,v,w,u), in the Cartesian coordinates~x,y,z!, is
represented in each element as a high-order Lagrangian
terpolant through a Legendre–Gauss–Lobatto points di
bution. To study the effect of the grid on the numerical a
curacy, we give in Table I the values of the maximum of t
vertical velocitywmax, the kinetic energyEc , and the Nus-
selt number Nu for different meshes. When the grid is
fined from 73739 to 93939 mesh points per element~re-
spectively for thex, y, and z directions!, the maximum of
variation concerns the kinetic energyEc and is equal to
0.82%. A further increase of the number of grid points p
element from 93939 to 939311 shows that the maximum

f

FIG. 5. Bifurcation diagram giving the evolution of the vertical velocityw
at a fixed point as a function of the Rayleigh number, Ra~A51 and Pr51!.

FIG. 6. Bifurcation diagram giving the evolution of the vertical velocityw
at a fixed point as a function of the Rayleigh number, Ra. Plots of conto
of w in the horizontal midplane. SBP: secondary bifurcation point~A50.5
and Pr51!.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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of variation is also forEc and equal to 0.44%. Therefore, th
grid with 73739 points per element is considered suf
ciently fine to study the pure thermal case.

IV. RESULTS

A. Onset of convection: linear analysis

1. Modes and symmetries

Convection arises when the temperature difference
tween the lower and upper surfacesDT5Th2Tc exceeds a
critical value given by the Rayleigh number, Ra. In the ca
of a circular cylindrical geometry, because of the spec
lateral confinement, convection sets in as single Fou
modes in the azimuthal direction@variation in exp(imf) of
these modes#. We present in Fig. 3 the most importa
modes, which correspond tom50 ~axisymmetric solution!,
m51, andm52 ~asymmetric solutions!. At the primary bi-
furcations, the corresponding modes can be characterize
their broken symmetries with regard to the symmetries of
problem. In fact, the number of solutions obtained at a bif
cation can be deduced from the number of broken sym
tries, because every image of a solution by a broken sym
try is also solution. In the pure thermal case and for circu
cylindrical geometry, the symmetries of the problem are:
rotations around thez axis, the reflections with respect to th
vertical planes containing this axis, and the reflection w
respect to the horizontal midplanePH . This group of sym-
metries is commonly called ‘‘O~2!3Z~2!’’ 14 and corre-
sponds to the symmetry properties of the trivial solution.

For the axisymmetric mode, the flow is purely merid
onal and independent of the azimuthal direction. The o
broken symmetry is the reflection with respect to the ho
zontal mid-planePH , so only two solutions can be obtaine
the first is given in Fig. 3 and the second is its reflection w
respect to the planePH . The second mode (m51) is asym-

FIG. 7. Influence of the Prandtl number on the secondary bifurcation~from
m50 to m502! for A50.5. Evolution of the secondary threshold Rac2 as a
function of Pr.
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metric with one roll. As shown by the contours of vertic
velocity in the planePH , the fluid rises at one side and fal
at the other side of the cylindrical container. The symmetr
preserved are the reflection with respect to the single vert
plane in which there is no azimuthal motion, and the refl
tion with respect to the horizontal midline perpendicular
this plane. Thus the azimuthal rotation which is broken g
erates an infinite number of solutions. The third mode, wh
corresponds to the second Fourier mode (m52), is asym-
metric and characterized by its two orthogonal symme
planes. All the other symmetries are broken, so, here also
infinite number of equivalent solutions can be generated
symmetry operations. Contours of the vertical velocity in t
planePH show that, for this mode, the fluid ascends in tw
opposite quadrants of the cylinder and descends in the
others.

2. Stability of the static solution

Linear stability analysis is performed about the static~or
conductive! solution in order to evaluate the critical values
the Rayleigh number Rac at which the stability of this solu-
tion changes. At these points, referred to as primary bifur
tion points, the static solution undergoes pitchfork bifurc
tions leading to branches of steady solutions. In agreem
with the linear stability studies given in the literature~see
Table II!, convection sets in with the axisymmetric mod
(m50) for A50.5 and with the asymmetric single-roll mod
(m51) for A51. The next primary bifurcations correspon
to the modesm52 andm51 for A50.5, and to the modes
m52 andm50 for A51. In Table III, we present the value
of the critical Rayleigh number for the three first prima
thresholds corresponding to the modesm50, 1, and 2.

3. Effect of the aspect ratio on the onset of convection

The stability diagram presented in Fig. 4 gives the ev
lution of the critical Rayleigh numbers Rac , corresponding
to the primary bifurcations to the modesm50, 1, and 2, as a
function of the aspect ratio. For the first primary thresho
which determines the structure of the emerging flow,
mode changes asA is increased. These changes happen at
intersections between the curves corresponding to a g
mode. ForA,0.55, convection sets in with the modem
50 followed by the modesm52 and m51, whereas for
0.55,A,0.63, the first mode ism51 and the next arem
50 andm52. Finally, forA.0.63, the order of appearanc
is m51, m52, andm50. Beyond this value ofA, the only
effect of increasingA is a continuous decrease in Rac . An
asymptotic critical value Rac.1060 ~Ref. 7! exists for A
→`.

TABLE IV. Comparison of the values of the secondary thresholds Rc2

with the values given in the literature, for Pr50.02 and Pr51 (A50.5).

Pr
Neumann
~Ref. 10!

Hardin et al.
~Ref. 11!

Wanschuraet al.
~Ref. 13!

Present
work

0.02 40 400 38 880 39 408 39 705
1 65 600 ¯ 48 272 47 508
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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FIG. 8. Main kinetic energy contributions for Pr50.02 and Pr51, around the secondary bifurcation point. Evolution of the buoyancy termI b ~a!, the rate of
change of kinetic energyI k , and the main kinetic energy production termsI v1

, I v2
, andI v3

~b! as a function of Ra (A50.5).
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B. Evolution of the convection: Nonlinear analysis

The aim of this section is to study the nonlinear evo
tion of the steady convective regimes initiated at the prim
thresholds. Convective flow patterns are calculated for
typical aspect ratios,A50.5 andA51. The results are given
through bifurcation diagrams. In these diagrams, the ev
tion of the vertical velocityw at a fixed point is presented a
a function of the Rayleigh number. The dependence of
convective behavior on the Prandtl number, Pr, is also inv
tigated.

1. Bifurcation diagrams

For A51 and Pr51, as predicted by the linear analys
convection sets in with am51 mode at the critical value
Downloaded 09 Sep 2009 to 156.18.40.227. Redistribution subject to AIP
-
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Ra53696. The second branch, which is unstable, cor
sponds to the modem52 and appears at Ra58939. Finally,
the m50 branch, which is also unstable, appears at
510 752. The symmetry of the bifurcation diagram shown
Fig. 5 with respect to the Ra axis confirms that all the p
mary bifurcations are pitchfork bifurcations. This is due
the fact that every primary bifurcation breaks the symme
with respect to the horizontal midplanePH . For the range of
Rayleigh numbers investigated, no steady bifurcation of
flow structure has been detected.

The bifurcation diagram given in Fig. 6 has been o
tained forA50.5 and Pr51. In this diagram we also give th
contours of the vertical velocity in the planePH for the dif-
ferent branches of solutions. Above a critical value
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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FIG. 9. Main thermal energy contributions for Pr50.02 and Pr51, around the secondary bifurcation point. Evolution of the thermal energy production t
I T3

~a!, I T1
1I T2

and the rate of change of thermal energyI Q ~b! as a function of Ra (A50.5).
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535 854, convection sets in with the axisymmetric mo
(m50). The second branch originates at Ra538 928 and
corresponds to the modem52. Finally, them51 branch
appears at Ra541 783.

2. Analysis of stability of the axisymmetric mode

An interesting feature of Fig. 6 is the destabilization
the axisymmetric solution at a secondary pitchfork bifurc
tion point at Rac2547 508. Above this critical value, th
axisymmetric solution bifurcates to a new asymmetric mo
which we callm502. This mode can be described as a
perposition of the basic modem50 and the mode of the
unstable eigenvectorm52. The contour plot of the vertica
velocity of them502 solution shows that it consists of tw
counter-rotating and parallel rolls. It should be noted that t
Downloaded 09 Sep 2009 to 156.18.40.227. Redistribution subject to AIP
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bifurcation consists of a direct~not oscillatory! transition
from a steady axisymmetric to a steady asymmetric conv
tion. Only two symmetries are preserved: the reflections w
respect to the two vertical central plane, parallel or perp
dicular to the roll axes. Therefore, an infinite number of n
stable branches of solutions~defined to within a rotation! are
initiated at the secondary bifurcation point.

3. Effect of the Prandtl number on the secondary
bifurcation

As it is well known, the primary thresholds do not d
pend on the Prandtl number. To study the influence of t
number on the secondary bifurcation, we present in Fig
the evolution of the secondary threshold, given by the co
sponding critical Rayleigh number Rac2 , as a function of Pr.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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FIG. 10. Analysis of the secondary bifurcation for Pr56.7 (A50.5). Evolution of the critical eigenvalues corresponding to the modem52 ~a! and the mode
m51 ~b! as a function of Ra. Main kinetic energy contributions,I b , I k , andI v ~c!, and thermal energy contributions,I T1

, I T2
, I T3

, andI Q ~d! as a function
of Ra, around the secondary bifurcation point~m51 perturbation!.
t
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This figure shows that Rac2 increases with Pr, indicating tha
the axisymmetry of the flow disappears earlier for the lo
Prandtl-number fluids. In the domain of study, this increa
is mainly linear, except for the small values of Pr where it
quadratic. In Table IV, we compare our values of Rac2 with
the values given in the literature, for Pr50.02 and Pr51.

4. Energetic analysis of the secondary bifurcation

To understand the physical mechanisms responsible
the secondary instability, we analyze the energy tran
around the secondary bifurcation point. We decompose
field (u,T) into a sum of two terms, (u0 ,T0) which is the
basic axisymmetric field, and (u8,T8) the disturbance which
close to the transition, can be approximated by the unst
eigenvector. We first write the governing equations
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(u,T), then subtract those for the basic field. After multipl
ing the result by the disturbance, and integrating over
volumeV of the cavity, we obtain

dk

dt
5

1

2 EV

d

dt
~ui8ui8! dV

52GrE
V

ui8uj8
]u0

]xj
dV2E

V
S ]ui8

]xj
D 2

dV1E
V

w8T8d V,

~13!

dQ

dt
5

1

2 EV

d

dt
~T82! dV

52GrE
V

T8v i8
]T0

]xi
dV2

1

PrEV
S ]T8

]xi
D 2

dV, ~14!
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wherek and Q denote respectively the kinetic and therm
energy due to the disturbance. These equations can be
ten respectively as

I k5I v1I d1I b , ~15!

I Q5I T1I dT . ~16!

Here, I k and I Q represent respectively the change of kine
and thermal energies with respect to time. In the first eq
tion, I v is the sum of nine terms characterizing the inter
tion between the basic flow and the disturbance flow,I d is
the viscous dissipation of kinetic energy, andI b measures the
amplification of the temperature disturbance (T8) by axial
disturbance flow (w8). For the second equation,I T is the
sum of three terms giving the amplification of the tempe
ture disturbance (T8) by the transport in each direction of th
heat flux of the basic solution (]T0 /]xi), and I dT gives the
dissipation of heat. In our analysis, each term of the rig
hand sides of the equations~15! and ~16! is stabilizing if its
sign is negative and destabilizing otherwise.

For the results presented in the following, all the ter
are normalized byuI du for the kinetic energy contribution
and by uI dTu for the thermal energy contributions. Figure
giving the evolution ofI v , I b , andI k around the transition
for Pr50.02 and 1, shows that the production of kinetic e
ergy ~I v terms! is larger for Pr50.02, even thoughI b , which
is greater for Pr51, is the most destabilizing term for bot
cases.

The values of the three terms inI v which are significant
for the production of kinetic energy are plotted in Fig. 8~b!
and are

I v1
5I v13

1I v23
52GrE

V
S u8w8

]u0

]z
1v8w8

]v0

]z DdV, ~17!

I v2
5I v31

1I v32
52GrE

V
S w8u8

]w0

]x
1w8v8

]w0

]y DdV, ~18!

I v3
52GrE

V
S w8w8

]w0

]z DdV. ~19!

FIG. 11. Evolution of the Nusselt number, Nu, as a function of Ra, aro
the secondary bifurcation, for Pr50.02 and Pr51 (A50.5).
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Let (ur ,uf ,w) denote the velocity components in th
cylindrical coordinates. Using the axisymmetry of the ba
solution, we can expressI v1

and I v2
as

I v1
52GrE

V
S ur8w8

]ur 0

]z
D dV, ~20!

and

I v2
52GrE

V
S w8ur8

]w0

]r DdV. ~21!

Therefore, the first termIv1 , which is destabilizing for both
values of Pr, measures the amplification of radial veloc
disturbances (ur8) by axial transport (w8) of axial gradients
of the basic radial flow (]ur 0

/]z). Similarly, the second
term I v2

, which is stabilizing, describes the amplification

axial velocity disturbances (w8) by radial transport (ur8) of
axial shear (]w0 /]r ). The third termI v3

, which is stabiliz-
ing, gives the amplification of axial velocity disturbances
axial transport of axial gradients of the basic axial flow.

For Pr50.02, it is important to notice that all the dest
bilizing terms,I b , I v1

, and I v3
, are increasing at the trans

tion, so that they share responsibility for this bifurcation, t
main increase being given byI v1

and then connected to axia
gradients of the basic radial flow.

The analysis of the thermal energy contributions, giv
in Fig. 9, confirms the fact that for the low values of Pr, t
thermal energy is just a balance betweenI T3

which measures
the amplification of temperature disturbances (T8) due to the
axial transport (w8) of the axial gradient of the basic tem
perature profile (]T0 /]z), and the heat conductionI dT

. The

d

FIG. 12. Evolution of the convective structure of the steady stable solu
for Pr51 and Pr50.02. Isotherms in the vertical symmetry plane and co
tours of the vertical velocity in the midplanePH , before and after the
secondary bifurcation from the modem50 to the modem502 (A50.5).
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variation ofI Q can also be neglected compared to that ofI k .
Then we can conclude that for Pr50.02, the basic flow be
comes unstable because of inertial instability. On the ot
hand, if we compare the variations ofI Q andI k for Pr51, we
can notice thatI Q increases slightly more quickly thanI k ,
indicating a preponderance of the thermal mechanisms, e
if the inertial effects cannot be neglected.

5. Study of the secondary bifurcation for Pr 56.7

Hardin and Sani11 found, for Pr56.7 andA50.5, a tran-
sition from the axisymmetric solution to a new solution co
nected to am52 perturbation at Rac2545 800. Figure
10~a! shows that the evolution of the most unstable eig
value, corresponding to the modem52, has a negative maxi
mum at Ra551 456, confirming the absence of transition to
m502 mode, as already indicated by Wanschuraet al.13 The
axisymmetric solution is then found to be unstable to am
51 mode at Rac25197 930@Fig. 10~b!#. This result agrees
qualitatively with Wanschuraet al.,13 but this value of Rac2

is 22% greater than their value (Rac25162 144), but less
than the value given by the experiment of Mu¨ller et al.9

(Rac25361 600).
The plots giving the energetic contributions around t

transition@Figs. 10~c! and 10~d!# show that the dissipation i
almost totally counterbalanced byI b , and that, althoughI T3

remains the principal source of destabilization,I T1
and I T2

are no more negligible in the thermal energy balance. Co
paring the evolution ofI k and I Q , we conclude that the in
stability is due exclusively to thermal mechanisms.

6. Heat transfer

Beyond the onset of convection, the heat transfer can
represented by the Nusselt number defined as

Nu5
4

p E
0

2pE
0

1/2S 2
]T

]zD
z5A

r dr df. ~22!

The secondary bifurcation to them502 solution is presented
in Fig. 11 by a plot of the Nusselt number Nu versus t
Rayleigh number Ra, forA50.5 and two values of Pr, P
50.02 and Pr51. For both cases, the heat transfer is grea
for the new stablem502 solution. The plot of the tempera
ture field in an axial symmetry plane and the contours of
vertical velocity in the horizontal midplane~Fig. 12!, before
and beyond the secondary bifurcation, show that qua
tively similar flow patterns are obtained for Pr50.02 and
Pr51. However, the isotherms are found to be flatter
Pr50.02 compared to Pr51. This difference can be attrib
uted to the high thermal conductivity of small-Prand
number fluids.

V. CONCLUSIONS

We have presented a three-dimensional numerical s
of steady convective flows in a vertical cylindrical cavi
heated from below~Rayleigh–Be´nard convection!. Three
types of convective patterns have been observed at the o
of convection: the azimuthal modesm50, m51, and m
52. Linear analysis has shown that the pattern correspo
Downloaded 09 Sep 2009 to 156.18.40.227. Redistribution subject to AIP
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ing to the emerging flow changes when the aspect ratioA is
increased. ForA,0.55 convection sets in as an axisymme
ric mode and forA.0.55 as am51 mode. Symmetry con-
siderations have been used to get information on the typ
bifurcation and the number of equivalent solutions for
given mode. As always for Rayleigh–Be´nard convection, the
primary bifurcations are pitchfork bifurcations because
up–down symmetry is broken by the onset of convecti
Bifurcation diagrams have then been presented for two
pect ratios:A50.5 andA51. ForA50.5, the emerging flow
corresponds to an axisymmetric solution~lowest critical
Rayleigh number!. It undergoes a secondary bifurcation
which it is destabilized by anm52 eigenmode. The new
nonlinear stable steady state, denotedm502, is a convective
flow with two parallel rolls. The critical Rayleigh number fo
the secondary bifurcation is found to increase quadratic
at low Prandtl numbers and linearly at larger Prandtl nu
bers. The energetic analysis of this instability has shown
the bifurcation is due to inertial mechanisms for Pr50.02,
and primarily to thermal mechanisms for Pr51. For Pr56.7,
the axisymmetric solution is stable to them52 perturbation,
confirming the analysis of Wanschuraet al.13 and the nu-
merical simulation of Wagneret al.12 But the basic flow
loses stability to anm51 eigenmode at Rac25197 930, in
qualitative agreement with Wanschuraet al.13 who found the
transition at Rac25162 144, and with the experimental resu
of Müller et al.9 (Rac25361 600). Thermal mechanisms a
found to be responsible for this transition at Pr56.7.
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