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a b s t r a c t
Non-Newtonian ﬂuids can present a complex rheological behaviour involving shear-thinning, viscoelastic
or thixotropic effects. We focus here on the characterization of generalized Newtonian ﬂuids as shearthinning ﬂuids. Rotational rheometers are torque-sensitive, which makes the measurement of viscosity
at low shear-rates very difﬁcult, in particular for low viscosity ﬂuids. An accurate knowledge of this value
is, however, particularly important for the characterization of several types of ﬂows, in particular those
featuring a free surface, a symmetry axis or a symmetry plane. The experimental determination of
viscosity and surface tension is enabled from the propagation of attenuated capillary waves. An optical
technique has been implemented in order to determine the shear-thinning viscosity at values of the
shear-rate as small as 103 s1 from measurements of the spatial attenuation and wavelength. We have
performed measurements on two different polymer solutions; we show that this technique is complementary to the classical rotational rheometer techniques since it gives access to the zero shear viscosity,
which could not be measured by using rotational rheometers. The present technique is thus used to characterize the Newtonian plateau, while a rotational rheometer is used to characterize the ﬂuid behaviour
at moderate to high shear rates.
Ó 2014 Elsevier B.V. All rights reserved.

1. Introduction
The rheological characterization of complex ﬂuids is an important issue in many areas. However, viscosity measurements made
by conventional techniques such as rheometry or viscosimetry
reveal some limitations when liquids exhibit non-Newtonian
behaviours. Indeed, classical, torque sensitive, rotational rheometers are limited in sensitivity so that, in the case of low viscosity
shear-thinning ﬂuids, they often cannot access the ﬂuid behaviour
at sufﬁciently low shear-rate to characterize a possible Newtonian
plateau [1]. On the other hand, the Reynolds number used in the
stability studies of non-Newtonian ﬂows is often based on the viscosity at zero shear-rate [2–5]. Moreover, any laminar ﬂow featuring a free-surface or symmetry with respect to a plane or an axis
undergoes zero shear-rate at this location. In the particular case
of gravity-driven ﬁlm ﬂows, the initiating mechanism for the
long-wave instability is interfacial: the ﬁlm responds to a sinusoidal perturbation of the free surface with a velocity disturbance at
zeroth-order [6,7]. It seems then crucial in an experimental context
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to be able to determine this viscosity with precision at the smallest
shear-rate value, and this motivates our present work. In the present paper, we address this issue by using the electrocapillarity
method, formerly developed in the framework of Newtonian ﬂuids
characterization [8–10]. This can give access to the viscosity and
surface tension at very low-shear rates, so that, by combining it
with classical rotational rheometer measurements, one can fully
characterize low viscosity shear-thinning ﬂuids.
In the present paper, we demonstrate the principle of the
method applied to Carboxymethylcellulose (CMC, also referred to
as E466) and Xanthan gum (also referred to as E415) aqueous solutions: two materials that present quite distinct shear-thinning
properties.
CMC is one of the most common polymers used for ﬂow experiments. Its viscosity can be controlled, allowing its use as thickener,
phase and emulsion stabilizer and gelling agent, especially in the
pharmaceutical industry. Solutions of CMC within the range 1–
5 wt% were studied by Ghannam and Esmail [11]; they reported
a nearly Newtonian behaviour at low shear-rate followed by a
pseudoplastic behaviour for all concentrations, and the viscoelastic
and thixotropic behaviours at the highest concentrations. Lin and
Ko [12] and lately Gòmez-Dìaz and Navaza [13] investigated the
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effect of temperature on the shear viscosity for aqueous CMC solutions obeying a power law, at different concentrations in the range
0.05–1 wt%. Escudier et al. [1] showed that the Carreau–Yasuda
model is practically always the best rheological representation of
CMC solutions at concentrations of about 0.4 wt%. Finally, for a
wide range of CMC concentrations (0.2–7 wt%), Benchabane and
Bekkour [14] reported an unexpected behaviour at very low
shear-rate (down to 0.001 s1 for the highest concentrations): they
found out threshold level of concentration and shear-rate below
which the expected Newtonian plateau is not always guaranteed.
Xanthan gum is registered on the list of excipients as E415; it is
a polysaccharide secreted from the action of a bacterial microorganism called Xanthomonas campestris. It is used in the food
industry as an additive; its role is to alter the consistency of foods
by acting as thickening or gelling agent, even at low concentrations. As a polymer of organic nature, its main drawback is to be
unstable in contact with an ambient atmosphere. Xanthan gum
solutions thus have a limited life-time, even if there exists a possibility to conserve them in an acid medium. Whitcomb and Macosko [15] and later Rodd et al. [16] reported a nearly Newtonian
behaviour at low shear-rate for the lowest concentrations; Song
et al. [17] reported viscoelastic behaviours, mainly at high concentrations of about 1–4 wt%; Escudier et al. [1] provided a more complete study for a solution at 0.4 wt%.
The main reason why these two polymer solutions have been
chosen is that they behave as generalized Newtonian ﬂuids at
low concentrations. Indeed, this model represents a non-Newtonian ﬂuid for which shear stress is deﬁned as a unique scalar function of shear-rate, via an effective viscosity that may be determined
experimentally. In particular, this type of liquid differs from thixotropic, viscoelastic and Bingham plastic liquids. The Carreau law is
one example of rheological models frequently used to describe viscosity as a function of shear-rate for liquids behaving as generalized Newtonian ﬂuids; it is given by the following expression:

iðn1Þ=2
g  g1 h
2
¼ 1 þ ðc_ =c_ c Þ
;
g0  g1

ð1Þ

where g0 and g1 are the viscosity at zero and inﬁnite shear-rates,
respectively. For values of the shear-rate c_ lower (larger) than c_ c ,
these liquids behave as a Newtonian liquid of viscosity g0 (as a
power-law liquid of index n). In some cases, the viscosity tends
to a Newtonian behaviour with g = g1 at inﬁnite shear-rate.
Physically, shear-thinning (shear-thickening) liquids correspond to
Carreau ﬂuids with n < 1 (n > 1).
2. Experimental study
One way to determine the viscosity of a liquid is to study the
propagation of capillary waves at the interface separating the
liquid from the air above it. Capillary–gravity waves have been
studied experimentally for a long time and several non-intrusive
optical techniques have been presented in the literature to observe
them. Electrocapillarity is one of the most used techniques since it
is easy to set up in practice.
2.1. Background
Electrocapillarity consists in generating a well-controlled capillary wave-ﬁeld from a localized exciting electric potential. Through
the use of optical diagnostics, it enables the determination of
viscosity and/or surface tension from the characteristics of the
propagating and damping waves, without any contact with the
ﬂuid [8–10].
In other contexts like the adsorption processes and in the case
of soluble surfactant monolayers, it is reported that thin
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viscoelastic ﬁlms spread at the liquid–air interface [18–23]. Most
of the studies have been performed in this perspective, in order to
understand the behaviour of these molecules at the interface.
Although the experimental setup considered is the same, the
distinctive feature is that viscosity is supposed to be constant in
these studies, the measurements being focused on the determination of the surface properties when acting on the surfactant
concentration.
Concerning the way of generating the capillary waves, two different approaches are possible: a temporal and a spatial approach.
The ﬁrst approach consists in studying the time evolution of a
wave with a selected wavenumber, i.e. the complex frequency is
measured as a function of the real wavenumber. This is allowed
by a technique called surface light-scattering technique (SLS)
[19]: in this case, thermal motion generates capillary waves of all
wavelengths and the wavelength selection is made by the scattering angle. The second approach consists in exciting the waves
externally: mechanically [22], electrically [8,9,18,20,21,23] and
even acoustically [24] by imposing a real frequency and measuring
a complex wavenumber.
The dispersion relation is the same in both cases, and both provide the same characteristics of the propagating waves. They differ,
however, in the range of frequency: the ﬁrst approach allows a high
frequency regime (f  10 kHz; k  100 lm), whereas the second
approach is restricted to a low frequency regime (f  100 Hz;
k  1 mm). This distinction makes the spatial approach easier to
set up, and in view of this the electrical excitation (also called electrocapillarity) is the most common technique used in the literature.
Regarding electrocapillarity, another ﬁnal difference is reported
concerning the nature of the capillary wave ﬁeld: Mann and Hansen [18], Sohl et al. [8], Måloy et al. [9], and Dechoz and Rozé [23]
use a razor blade in order to generate a plane wave ﬁeld while Ito
et al. [20] and Jiang et al. [21] prefer a cylindrical wave ﬁeld generated using a needle. The use of a needle has the beneﬁt of avoiding
both a possible edge effect of the blade and a non-planarity of the
wave if the blade axis is not perfectly parallel with the interface.
Nevertheless, a plane wave ﬁeld affords the detection of waves
with higher amplitudes and lower damping coefﬁcient.
Finally, Behroozi et al. [10,25–27] developed an original technique where a standing capillary wave is generated between two
blades separated by a distance chosen to be equal to an odd-integer multiple of half a wavelength, and the wave amplitude and
phase are measured by laser interferometry.

2.2. Experimental setup
Our experimental conﬁguration (Fig. 1) is close to the conﬁguration used by Sohl et al. [8]. The waves are assumed to be plane
and generated by a thin razor blade of about 5 cm width. The liquid
is contained in a glass tank of length 38 cm, width 33 cm and depth
25 cm. In our experiments, the blade is located at the center of the
tank and very close to the free surface (<1 mm). We apply a voltage
between the razor blade and a metallic electrode immersed in the
ﬂuid; this voltage is composed of a small amplitude AC component
(Vac = 1–10 V; f = 50–250 Hz) superimposed on a high DC component (Vdc = 270 V). The local electric ﬁeld applied induces the
deformation of the free surface: the ﬂuid locally tends to rise up
to the blade and the vertical forces opposite to this motion are
gravity and surface tension [8,28,29].
Fig. 2 gives details about how the wave amplitude is estimated
from the local oscillating signal on the PSD sensor located at a distance H below the free surface. Neglecting the thickness of the
glass tank walls, we are dealing with two liquid/air interfaces,
one at the bottom of the tank and the other at the free surface:
in this case the local wave amplitude is slightly different from
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Fig. 1. Illustration of the experimental apparatus.

Fig. 2. Schematic representation of the wave amplitude a locally detected at a given space position in the simple case of a single liquid/air interface. Here are shown in red (in
green) the laser beams appearing in the case of an optical approach by reﬂection (refraction). In this work, and under the weak angle approximation, we have achieved
measurements by the reﬂected-beam approach for which the angle between the incident and reﬂected beam is equal to twice the local slope of the free surface. Its maximum
value is illustrated here by i1 and corresponds to a displacement L1 = 2Hi1 measured by the PSD sensor situated at a distance H below the free surface. The main drawback of
the refracted-beam approach lies in a smaller detected angle, thus a smaller displacement L2 = H(i2  i1). The local wave amplitude is then given by a ¼ 4kLp1H : (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)

the single interface case represented in Fig. 2 and its corrected
kL1
, where nliq (nair) and Hliq
value is estimated at a ¼ 4pðn Hair
þnair H Þ
liq

liq

(Hair) are the refractive index and the depth of the liquid (air).

As the local force, F, exerted on the free surface, is proportional to
the square of the voltage V [8], the waves are generated at both the
fundamental and the second harmonic frequency, as expressed by:
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2

F / V 2 ¼ ðV dc þ V ac eixt Þ ¼ V 2dc 1 þ



V ac
V dc

2

!

e2ixt þ 2

Table 1
Characteristics of the solutions used and the temperature during the experimental
run.

V ac ixt
:
e
V dc
ð2Þ

Since ðV ac =V dc Þ  1, our observations are based on the fundamental
frequency. Note also that for a ﬁxed Vdc, the wave amplitude is
linear in Vac (Fig. 3).
Solutions of glycerin will ﬁrst be considered in order to validate
the experimental setup in the Newtonian case, then solutions
of CMC and Xanthan gum will be used to illustrate the nonNewtonian case (Table 1 summarizes the chemical nature and
properties of the different solutions used in our study).
Distilled water has been used for the preparation of the solutions. Some precautions have been taken before each measurement
to remove all the gas bubbles. Further, all possible reﬂections have
been avoided by appropriately choosing the ﬂuid viscosity which is
responsible for the attenuation length, the longitudinal dimension
of the tank and the frequency regime.
One way of detecting the waves is to locally scan them by a
refracted beam due to the difference in the indices of refraction
[22,23]. The refraction angle is, however, often small, so that, for
a good detection, the position sensing device (PSD) would have
to be located high above the interface. Another possibility is to
use the reﬂected-beam, which gives a larger displacement on the
sensor (Fig. 2).
In our study, the wave detection is done using the reﬂection of a
He–Ne laser beam (10–40 mW) on the free surface. The local oscillations in the free-surface slope cause the oscillation of the
reﬂected beam, which is received on a PSD (calibration:
1 mm = 1 V).
From the observed deviation of the laser beam, wave amplitudes are estimated to be of the order of 0.01–1 lm (Fig. 2). The
signal processing is based on a synchronous demodulation technique [30] rather than the conventional FFT algorithms; this technique provides the amplitude and phase at the chosen frequency,
after redeﬁning the signal as a combination of in-phase and quadrature-phase components. The method also allows to get rid of the
noise very efﬁciently. Its main disadvantage remains the need to
enter the exact value of the exciting frequency.
Finally, the determination of the propagating characteristics (i.e.
wavelength and spatial damping) requires local measurements at

Fig. 3. Wave response intensity as a function of the AC component of the electric
voltage. The amplitudes are different for the two frequencies because the local
measurements have been made at a distance of about 1 cm from the blade. Indeed,
in practice, the blade is embedded between two black plastic pieces that prevent
optical detection when the laser beam is relatively close to the blade. As a
consequence, high frequencies are more damped than low frequencies over this
distance, before reaching the laser beam.

Solution

Concentration

Manufacturer

T (°C)

Density (kg/m3)

Natural glycerin
CMC
CMC
CMC
Xanthan gum

45 vol%
0.075 wt%
0.1 wt%
0.125 wt%
0.08 wt‰

Oleon
Cekol 2000S
Cekol 2000S
Cekol 2000S
Keltrol

26.5
24
24
25
23

1104
982
985
980
981

different positions far from the exciting source. These positions
are taken at regular intervals, between 0.2 and 0.5 mm, depending
on the physical nature of the ﬂuid and the exciting frequency. The
phase-shift between the electric reference signal and the oscillating reﬂected signal plotted as a function of x gives the wavelength,
whereas the amplitude as a function of x directly provides the
attenuation coefﬁcient (Fig. 4).
3. Theoretical background
We consider capillary–gravity waves sensitive to viscous dissipation, which constitute a set of surface waves whose wavelength
is of the order of a few millimeters. Several theoretical models have
been developed, following a phenomenological approach, to physically describe the propagation of these waves at the free surface of
a ﬂuid.
The most common theoretical approach is to get the dispersion
relation by projecting the linearized Navier–Stokes equations at
the interface. This relation comes in the form of a generally complex expression linking the physical properties of the ﬂuid to the
wave characteristics, i.e. the angular frequency x = 2pf, the real
wave number k = 2p/k and the spatial damping a.
Lamb [31] was one of the ﬁrst to seek a harmonic expression for
the velocity ﬁeld, which satisﬁes both a ﬁnite velocity potential in
the Laplace equation and the Navier–Stokes equations. Later, Debnath et al. [32] and Leblond and Mainardi [33] went further in the
full analytical resolution of the dispersion relation by also offering
interesting asymptotic solutions: (i) for liquids of ﬁnite and inﬁnite
depth; (ii) for short and long waves. Hansen et al. [34] and Langevin [19] proposed a variant to this model by including the physical
properties of the ﬂuid above the interface (usually air) when writing the mechanical equilibrium of the liquid. Sohl and Miyano [35]
proposed an elegant solution for the dispersion relation without
gravity, that they have rewritten in dimensionless form; they also
suggest an asymptotic dimensionless solution in a low viscosity
and a low frequency regime.
One can remark that the experimental works relying on all the
above approaches, unfortunately, do not feature any validation
with any ﬂuid of known viscosity except Måloy et al. [9] who consider an excitation regime at very high frequencies (f  1 kHz),
which is out of reach of our experimental setup). Given also the difﬁculty in the direct numerical resolution of the dispersion relation,
which is often presented in the form of a polynomial of degree up
to seven, we will choose the simple theoretical approach proposed
by Behroozi and Podolefsky [28,29] and Behroozi [36] who published several experimental works including validations with
respect to water and solutions of glycerin [10,25–27].

4. Validation in the Newtonian case
4.1. Concerning surface tension
Let us consider a liquid of density q, surface tension r and viscosity g. We shall choose a coordinate system in which the ﬂuid

64

M.H. Allouche et al. / Journal of Non-Newtonian Fluid Mechanics 215 (2015) 60–69

Fig. 4. (a) Plot of the phase-shift DU between excitation ﬁeld and capillary wave against the longitudinal distance x from the wave generator, and (b) plot of the amplitude
decay against x. Here, the experimental data obtained with a solution of CMC at 0.1 wt% is shown as blue dots for an excitation frequency of 90 Hz. The solid green line is a
linear ﬁt for phase-shift (a) and an exponential ﬁt for the amplitude attenuation (b). In (b), the wave interface has been rebuilt (dotted line) according to Behroozi and
Podolefsky [28,29]: at a ﬁxed time t⁄, all the ﬂuid elements at the interface have a vertical displacement equal to wy ðxÞ ¼ aðxÞ sinðxt  kxÞ, where a(x) is the wave amplitude
at a given space position, x is the angular frequency and k is the wavenumber. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the
web version of this article.)

surface forms the x–z plane, and the y-axis is normal to that plane
so that the y-coordinate is negative for points below the interface.
The waves are supposed to be plane and traveling along the
+x-axis.
Regardless of the velocity ﬁeld deﬁnition (k complex or real), for
an inviscid incompressible liquid, the familiar dispersion relation
for capillary–gravity waves is obtained either by projecting the
Euler equation subject to boundary conditions since Lamb [31],
or by noting that the potential energy of the wave consists in
two components, gravitational and surface [28,29]. It is written as:

x2 ¼ kg þ rk3 =q:

ð3Þ

This expression, however, must be modiﬁed, when viscosity
cannot be neglected, in order to take into account its dissipative
effect, especially at the highest frequencies [26,27]:
3

2

x ¼ kg þ reff k =q;


3

ð4-1Þ
1=2

reff ¼ r  8g x=q

2

þ 4kg =q:

ð4-2Þ

Eqs. (4-1) and (4-2) are obtained by considering that the ratio of the
spatial damping to the real wavenumber is negligible at second
order. Experimentally, the ﬁrst term in Eq. (4-2) is widely dominant
and the iterative correction in r due to the two last terms is not that
signiﬁcant (<1%). Nevertheless, surface tension will be iteratively
determined from Eq. (4) for each value of the exciting frequency,
or will be obtained by ﬁtting the phase velocity measurements to
its analytical expression given by:

v u ¼ kf


1=2
¼ x=k ¼ g=k þ reff k=q
:

ð5Þ

4.2. Concerning viscosity
The conservation of energy is simply invoked here: it consists in
writing the net power dissipated per unit surface area due to viscous stress components < dPext/dS > on one side (<.> describes a
spatio-temporal average along both a spatial wavelength k = 2p/k
and a temporal period T = 2p/x), and the power loss of the wave
per unit area due to its amplitude attenuation on the other side.
Furthermore, the equipartition of energy leads to state that the
entire energy of the travelling capillary wave is divided equally
between the kinetic and potential forms [36]. For a Newtonian
ﬂuid, the conclusion is that viscosity appears to be a linear function
of the spatial damping:

g ¼ qv g a=2k2 ;

ð6-1Þ

or

a ¼ 2gk2 =qv g ;

v g ¼ ddkx

ð6-2Þ

being the group velocity which physically describes the
wave-packet kinetic energy and is obtained from Eq. (4-1) once
the surface tension is known.
As above, viscosity will be directly determined for each value
of the exciting frequency using Eq. (6-1), or will be obtained by
ﬁtting the spatial damping measurements to the expression (6-2)
for the same range of exciting frequencies. In a practical
way, the main different steps of this process are summarized
in Fig. 5.

Fig. 5. Schematic representation of the post-processing.
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Fig. 6. Determination of surface tension (a) and viscosity (b) for a solution of 45% in volume of glycerin. These results have been obtained for two values of the wave
amplitude, estimated near the source and at the lowest frequency: a0 = 0.39 lm (blue circles and lines); a0 = 0.85 lm (red squares and lines). The full markers represent the
values of surface tension and viscosity directly determined from respectively Eqs. (4) and (6-1). The black thick line represents the value obtained with a Couette rheometer,
the dashed lines represent the ﬁtted values obtained according to Eq. (5) for surface tension and Eq. (6-2) for viscosity. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this article.)

4.3. Estimation of the applied shear-rate
Given the non-Newtonian behaviour in our context, it is critical
to estimate the shear-rate from the measured wave amplitude

(Fig. 2). Given also the shear-thinning properties of the aqueous
solutions employed in our experiments, it is necessary to check if
the applied shear-rate is small enough to describe the expected
Newtonian plateau. Physically, the applied shear-rate at the

Fig. 7. Experimental measurements (full markers) of the phase velocity (a) and the spatial damping (c), and deduced values of the surface tension (b) and the viscosity (d) for
a CMC solution at 0.075 wt% (green squares), 0.1 wt% (red triangles) and 0.125 wt% (blue circles) (Table 1). The dashed lines in (a) represent the ﬁts obtained according to Eq.
(5) for phase velocity, from which the constant values of surface tension given as dashed lines in (b) are obtained. The dashed lines in (c) represent the ﬁts for the spatial
attenuation, the slope of which is used to deduce from Eq. (6-2) the constant values of viscosity given as dashed lines in (d). The results for the Newtonian solution of glycerin
(grey diamonds) are given for comparison. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 8. Experimental measurements (empty markers) of the phase velocity (a) and spatial damping (c), and deduced values of the surface tension (b) and the viscosity (d) for a
solution of CMC at 0.075 wt%. These results have been obtained for different values of the physically applied shear-rate by acting on the electric ﬁeld amplitude. The four
values of the wave amplitude, estimated near the source and at the lowest frequency, are 0.61 lm (black stars), 0.4 lm (red circles), 0.27 lm (green triangles), 0.19 lm (blue
squares). The dashed lines represent the ﬁts obtained according to Eqs. (4-2) and (6-1) for phase-velocity and surface tension, and to Eqs. (5) and (6-2) for spatial attenuation
and viscosity. The Newtonian results for the solution of glycerin (gray diamonds) are also reported. (For interpretation of the references to color in this ﬁgure legend, the
reader is referred to the web version of this article.)

Fig. 9. Measured viscosity as a function of the applied shear-rate for the CMC
solution at 0.075 wt%, obtained by electrocapillarity (blue dots) or with a rheometer
(empty markers). The gray dashed line represents a ﬁt according to the Carreau law
(Eq. (1)). The characteristic parameters involved in this Carreau ﬁt are given in the
inset. The ﬁt has been achieved without taking into account the electrocapillarity
measurements. (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)

Fig. 10. Measured viscosity as a function of the applied shear-rate for the Xanthan
gum solution at 0.08 wt‰, obtained by electrocapillarity (blue dots) or with a
rheometer (empty markers). The gray dashed line represents a ﬁt according to the
Carreau law (Eq. (1)). The characteristic parameters involved in this Carreau ﬁt are
given in the inset. The ﬁt has been achieved by taking into account all the data,
including the electrocapillarity measurements. (For interpretation of the references
to color in this ﬁgure legend, the reader is referred to the web version of this
article.)
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interface (i.e. at y = 0) depends on both the wave amplitude and
frequency. Keeping the same notations as Behroozi [36], the velocity can be written:
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h
i
~
v ¼ aðxÞxeky sin ðxt  kxÞ~i þ cos ðxt  kxÞ~j ;

ð7-1Þ

shear-rate by acting on the AC component of the electric potential.
It is to be noted that the use of optical techniques for measurements involving Xanthan gum solutions is difﬁcult, since Xanthan
gum solutions become cloudy for concentrations larger than
0.01 wt%.

aðxÞ ¼ a0 eax ;

ð7-2Þ

5.1. Results and discussion

i;~
jÞ are the unit vectors in the horizontal x and vertical y
where ð~
directions.
The shear rate may be estimated from the normal velocity,
which yields the following expression:

c_ 

@v y
j
¼ aðxÞx½a cos ðxt  kxÞ þ ksinðxt  kxÞ:
@x y¼0

ð7-3Þ

Eq. (7-3) shows that all the characteristics of the wave propagation
have an inﬂuence on the shear-rate. Moreover, the wave amplitude
a(x) also depends on the x position (i.e. it is obviously larger near the
excitation source), so that the shear-rate value depends on this distance too: it exponentially decreases with the distance from the
excitation. Also, since a quite large range of frequency is covered
for each solution, we do not apply a ﬁxed shear-rate value, but a signiﬁcant range of shear-rates: the maximum (minimum) occuring at
the lowest (highest) frequency and near (far from) the excitation
source for each set of measurements. In conclusion, the following
relation provides an order of magnitude of the shear-rate physically
applied during the whole set of measurements:

pﬃﬃﬃ
2
min ðaxÞða þ kÞ
2

c_

pﬃﬃﬃ
2
max ðaxÞða þ kÞ:
2

ð8Þ

4.4. Results and discussion
For a Newtonian ﬂuid, viscosity is independent of the shearrate. This means that the viscosity cannot change when a change
in shear-rate occurs (i.e. a change in amplitude or frequency).
Fig. 6 represents the results obtained for a glycerin solution
(Table 1). Despite the observed dispersion, these experimental
results are consistent with this statement since viscosity and surface tension keep a constant value for a range of frequency from
80 to 180 Hz, and for two values of the wave amplitude (with a
ratio of about 2). For each run covering the whole range of exciting
frequencies, the ﬁtted values obtained according to Eq. (5) or Eq.
(6-2) are represented by dashed lines. These values correctly
approximate the average values, which are not represented in
the ﬁgures. The size of the error bars varies from ±2% to ±4% for
surface tension and from about ±5% to ±10% for viscosity. The deviation from the measurements of viscosity directly made by rheometry is about 2%. We then obtain reasonable estimations of surface
tension and viscosity for the considered liquid, and our experimental setup can thus be considered as validated.
5. Non-Newtonian case
We now turn to the main objective of our work, i.e. the measurement of the viscosity at low shear-rate for two shear-thinning
ﬂuids: dilute aqueous CMC and Xanthan gum solutions. Let us
recall that our aim is not to perform a full characterization of these
liquids using only the electrocapillarity: the electrocapillarity must
rather be seen here as complementary to conventional rheometers
since it is only used to measure the viscosity at very weak shearrates, while the moderate to high range of shear rates is still investigated using, for instance, a rotational rheometer. We ﬁrst perform
measurements for different concentrations of the considered
solutions (three concentrations for CMC and only one for Xanthan
gum, see Table 1). We will thereafter impose four values of the

From Table 1, we ﬁrst notice that the density of the chosen CMC
solutions remains practically constant, 10% lower than the glycerin
solution density. Eq. (4-1) shows that for k ? 0 (long gravity
waves), the usual dispersion relation x2 = kg is obtained, whereas
for k ? 1 (short capillary waves) x2 is proportional to reff/q.
According to Eq. (5), this also means that, for a ﬁxed frequency,
the larger the ratio reff/q is, the faster the wave will travel.
Fig. 7 represents the measurements of the properties related to
the propagation of the wave (phase velocity, surface tension) or to
the damping of the wave (spatial attenuation, viscosity) for the
three CMC solutions. Fig. 7(a) shows that the phase velocity variation is practically always linear with the frequency, which indicates that the waves are practically non-dispersive in our
experimental range of frequency and wavelength (f = 70–170 Hz,
k = 2–4 mm). Furthermore, for a ﬁxed value of the frequency, we
get a higher phase velocity (Fig. 7(a)) and a higher surface tension
(Fig. 7(b)) than in the case of the glycerin solution. This is because
the ratio reff/q is always larger (about 50% larger for the most concentrated CMC solution). This means that with the gradual increase
in CMC concentration, and for a ﬁxed value of the frequency, more
surface energy is required in order to deform the interface due to
the increase in surface tension (Fig. 7(b)). This induces an increase
in the measured wavelength and celerity. Just as oil is more viscous
but less dense than water, the CMC solutions have larger viscosities
but are less dense than the glycerin solution. As expected, these
higher viscosities (Fig. 7(d)) correspond to higher spatial attenuation rates (Fig. 7(c)). We also see that an increase in the CMC concentration induces an increase in the measured attenuation
coefﬁcient, and consequently an increase in the deduced viscosity.
It is, however, important to mention that the spatial attenuation
for the CMC solutions cannot be extrapolated to zero at zero frequency, in contrast to what is obtained for the Newtonian solutions. This is because Eq. (6-2), which involves this property, has
been derived from a Newtonian viscous theory [36]; it has not been
possible to ﬁnd out a correction taking into account the shear-thinning viscosity modeled by the Carreau law (Eq. (1)). We then chose
to use the slope of the straight line deduced from the data, even if
this line did not go through zero.
Here again, the whole uncertainty for these measurements varies from ±5% to ±10% for viscosity and from about ±2% to ±3% for
surface tension.
5.2. Inﬂuence of the shear-rate
In a second step, we vary the range of shear-rate applied by acting on the wave amplitude (Eq. (7-2)). For a ﬁxed concentration of
CMC (0.075 wt%), we have performed measurements with the same
frequencies as those presented in Fig. 7, for four different values of
the AC electric signal amplitude (Fig. 8). We ﬁrst see that the measured values of viscosity and surface tension are almost constant,
independent of the applied frequency and amplitude, indicating
that they are not inﬂuenced by the applied shear-rate. This means
that whatever is the AC voltage amplitude, the applied shear-rate,
estimated from (8) between 103 s1 and 101 s1, might be in
the region of Newtonian behaviour for these CMC solutions.
The last step of our study consists in exporting the values of viscosity just measured onto the associated rheogram obtained by
a rotational rheometer Rheomat™ RM115-A. Fig. 9 shows a
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semilogarithmic plot of the viscosity as a function of the shear-rate
for a solution of CMC at 0.075 wt%. The data plotted as empty
markers were obtained with our electrocapillarity technique
(Fig. 8(d)) and those plotted as blue dots were obtained with the
rheometer. This ﬂuid clearly exhibits a Newtonian behaviour at
the low values of the shear-rate corresponding to the electrocapillarity measurements (103 s1 < c_ < 101 s1 ), but also at larger
values, almost up to c_ ¼ 102 s1 , which are values obtained using
the rheometer. For these measurements on CMC solutions, the
results obtained by electrocapillarity do not deviate signiﬁcantly
from the rheometer measurements. All this is consistent with the
idea that CMC solutions have relatively weak shear-thinning properties, at least at the lowest concentrations [11]. Using a least
squares ﬁt of the rheometer measurements with the Carreau law
(Eq. (1)), the rheology parameters can be obtained. For the CMC
solution at 0.075 wt%, we obtain g0 = 4.687 mPa s, n = 0.82,
c_ c ¼ 107:54 s1 and g1  0. We recall that g0 represents the Newtonian low shear-rate viscosity, n the power-law index, c_ c the
upper limit of the low-shear-rate Newtonian plateau and g1 the
Newtonian inﬁnite shear-rate viscosity. Note that the ﬁtted curve,
plotted as a gray dashed line in Fig. 9, is in good agreement with
the electrocapillarity measurements. Our results on the viscosity
measurements of a weakly concentrated CMC solution agree reasonably well with the results obtained using a conventional rheometer, thus validating our measurement setup. Note, however,
that for such a weakly viscous solution, a proper measurement of
viscosity at shear-rates as low as 103 s1 would be out of reach
of this rheometer.
The same experimental approach was then applied to a low
concentration Xanthan gum solution at 0.08 wt‰. Fig. 10 indicates
that this Xanthan gum solution has stronger shear-thinning properties than the CMC solution, but a similar zero shear-rate viscosity: indeed, the Newtonian plateau is about 50 times shorter and
the power-law index is lower. This solution has been chosen
because measuring the Newtonian plateau is out of range of the
rotational rheometer disposable at the laboratory; a full characterization including zero shear-rate viscosity thus required an additional technique. This observation is consistent with the fact that
Xanthan gum solutions are known to have stronger shear-thinning
properties than the CMC solutions, even at higher CMC concentrations [11,16]. As can be seen in Fig. 10, the least squares ﬁt to the
rheometer data alone cannot effectively give the value of the zeroshear-rate viscosity g0, because the shear-rate limit c_ c is far smaller
than the minimum shear-rate reached by the rheometer. Thus, in
this case, the measurements made by electrocapillarity greatly
improve the knowledge of the ﬂuid rheology at very low values
of the shear-rate, which are, for instance, expected to play a major
role in the case of ﬂows featuring a free surface or a symmetry with
respect to a plane or an axis. For the present Xanthan gum solution
at 0.08 wt‰, the least squares ﬁt to all the electrocapillarity
and rheometer data gives the following rheology parameters:
g0 = 4.43 mPa s, n = 0.79, c_ c ¼ 2:23 s1 and g1 = 0.05 mPa s.

6. Conclusion
Our experimental work was focused on the use of the electrocapillarity method for measurements in shear-thinning ﬂuids. This
method has already been applied to Newtonian ﬂuids to measure
their viscosity and surface tension based on the propagation of
attenuated capillary waves. But, interestingly, the fact that capillary waves propagating on a ﬂuid layer produce very small
shear-rates allows viscosity measurements that would be out of
reach of the conventional rotational rheometers. This method can
thus be used to investigate the Newtonian viscosity plateau at
low values of the shear-rate in the case of low concentration shear

thinning ﬂuids. A complete characterization of the viscosity curve
can then be performed by combining this technique with more
conventional rheometric measurements, for instance made with
a rotational rheometer.
We have ﬁrst validated our set-up, signal processing and theoretical treatment by measurements on a Newtonian glycerin solution. The signal processing is based on a synchronous
demodulation technique. The theoretical treatment is similar to
that proposed by Behroozi [36] for Newtonian ﬂuids. The viscosity
value measured with this technique for the glycerin solution was
found to agree within a few percent with the value obtained with
a Couette rheometer. We have then applied the technique to two
different shear-thinning solutions. In these cases, the measurements made by electrocapillarity give information on the ﬂuid rheology at values of the shear-rate as low as 103 s1. The beneﬁt of
this technique especially arises when the Newtonian plateau is
very short. For CMC solutions, we show that the Newtonian plateau
obtained by our technique is consistent with the data obtained
from the Couette rheometer. The other solution (a Xanthan gum
solution) has been chosen for its expected short Newtonian plateau, so that its zero-shear viscosity is out of reach of the Couette
rheometer measurements and can only be measured with our electrocapillarity technique.
Our technique then appears very complementary to the conventional rheometers, since the best ﬁt obtained with a Carreau
law is very consistent with both the data from the rheometer
and the data from our technique. For solutions at much higher concentration (corresponding to g0 > 20 mPa s), the measurement of
the wavelength becomes difﬁcult since the viscosity causes a
severe attenuation of the surface waves. In this latter case, other
techniques (surface light-scattering, stationary waves scanned by
laser interferometry) might be more efﬁcient than electrocapillarity since they are able to reach very high frequencies (1–10 kHz)
and then study capillary-waves that propagate over very short
wavelengths (10–100 lm).
In conclusion, we think that the approach proposed in this
study can be very useful to characterize low viscosity shear-thinning ﬂuids to be used, for instance, in laminar ﬂows featuring a free
surface or symmetry with respect to a plane or to an axis. The
shear-rate, indeed, tends to zero in these types of ﬂows.
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