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Natural convection in an inclined cubical cavity heated from two opposite walls
maintained at different temperatures and with adiabatic sidewalls is investigated
numerically. The cavity is inclined by an angle θ around a lower horizontal edge and
the isothermal wall set at the higher temperature is the lower wall in the horizontal
situation (θ = 0◦ ). A continuation method developed from a three-dimensional spectral
finite-element code is applied to determine the bifurcation diagrams for steady flow
solutions. The numerical technique is used to study the influence of θ on the stability
of the flow for moderate Rayleigh numbers in the range Ra 6 150 000, focusing
on the Prandtl number Pr = 5.9. The results show that the inclination breaks the
degeneracy of the stable solutions obtained at the first bifurcation point in the
horizontal cubic cavity: (i) the transverse stable rolls, whose rotation vector is in the
same direction as the inclination vector Θ, start from Ra → 0 forming a leading
branch and becoming more predominant with increasing θ ; (ii) a disconnected branch
consisting of transverse rolls, whose rotation vector is opposite to Θ, develops from a
saddle-node bifurcation, is stabilized at a pitchfork bifurcation, but globally disappears
at a critical inclination angle; (iii) the semi-transverse stable rolls, whose rotation axis
is perpendicular to Θ at θ → 0◦ , develop from another saddle-node bifurcation, but
the branch also disappears at a critical angle. We also found the stability thresholds
for the stable diagonal-roll and four-roll solutions, which increase with θ until they
disappear at other critical angles. Finally, the families of stable solutions are presented
in the Ra − θ parameter space by determining the locus of the primary, secondary,
saddle-node, and Hopf bifurcation points as a function of Ra and θ.
Key words: bifurcation, convection in cavities, pattern formation

1. Introduction

Natural convection is fundamental in fluid mechanics, having both great scientific
value and industrial importance. Many engineering problems, such as thermal comfort
in buildings (Mohamad, Sicard & Bennacer 2006), crystal growth (Juel et al. 2001;
Lappa 2005), and solar collectors (Koutsoheras & Charters 1977), depend on this
† Email addresses for correspondence: torres.jf@outlook.com, felipe.torres@toshiba.co.jp
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type of convection. Understanding natural convection of pure fluids in parallelepiped
cavities is the first step in addressing these engineering challenges, as well as
many other important scientific problems such as mantle convection (Baumgardner
1985) and atmospheric convection (Emanuel 1994). Therefore, natural convection
in rectangular parallelepiped enclosures has been extensively studied for different
boundary conditions, aspect ratios and heating configurations. In particular, research
has focused on parallelepiped cavities with two types of heating configurations:
(i) heating from below, i.e. Rayleigh–Bénard convection; and (ii) heating from the
lateral sidewalls.
Early three-dimensional numerical studies of natural convection in rectangular
parallelepiped cavities heated from the sides include those conducted by Mallinson
& Davis (1977). Three-dimensional numerical studies are necessary given the
fact that any realistic convective flow is three-dimensional in nature. In spite of
the high-resolution achieved by direct numerical calculations (Fusegi et al. 1991;
Wakashima & Saitoh 2004), the stability of the flow is not considered and, thus,
important information concerning the presence of bifurcations (pitchfork, saddle-node
or Hopf bifurcations) and subsequent branchings is not obtained. Continuation
methods, on the other hand, provide a comprehensive stability description of the
convective system (Seydel 2009). Henry & Ben Hadid (2007) applied a continuation
method to determine the thresholds corresponding to the first flow transition in a
three-dimensional parallelepiped cavity heated from the sides for a wide range of
aspect ratios in low-Prandtl-number fluids. An improved version of their continuation
method is used in this study.
In contrast, Rayleigh–Bénard convection is a more complex phenomenon than
natural convection heated from the sides (Getling 1998), and is one of the most
studied problems in fluid mechanics in both extended layers and confined cavities.
It has been studied extensively during the course of a century since the pioneering
studies of Bénard (1901) and Rayleigh (1916). In this type of fluid motion, the
buoyancy forces must overcome the viscous forces for convection to set in. This
occurs at a critical Rayleigh number, after which flow patterns with a given type
of symmetry usually arise. The critical Rayleigh number as a function of the aspect
ratio is well known (Catton 1972). The lateral walls increase the critical Rayleigh
number due to the additional shear stress exerted on the system. Depending on the
roll orientation with respect to the axes of a non-cubical cavity, these stable solutions
are usually called transverse or longitudinal rolls. From the different aspect ratios
that have been studied, the cubical cavity is the most fundamental geometry. Pallares
et al. (2001) conducted experiments that show various convective flow patterns in
such a cubical enclosure.
Puigjaner et al. (2004, 2006, 2008) have conducted a thorough bifurcation analysis
of Rayleigh–Bénard convection in a cubical cavity filled with air and silicone oil
(Prandtl numbers Pr = 0.71 and 130, respectively) for perfectly insulating and
conducting lateral sidewalls. Their results are summarized in detailed bifurcation
diagrams where the different stable and unstable branches are depicted for the
Rayleigh number range Ra 6 1.5 × 105 . In their first paper (Puigjaner et al. 2004), air
in a cubical cavity with adiabatic sidewalls was studied. Their bifurcation diagram is
used as a benchmark for the numerical methods implemented in this study. In their
second paper (Puigjaner et al. 2006), the cubical geometry with adiabatic sidewalls is
kept but they now focus on a higher value of the Prandtl number by using silicone
oil as the working fluid. It is shown that the first stable branch, which consists of
one-roll structures aligned with the sidewalls, gives rise to secondary and tertiary
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stable bifurcated branches which eventually become unstable after a Hopf bifurcation,
whereas only a secondary bifurcation was detected on this branch in the previous
study for air in the same range Ra 6 1.5 × 105 . In their third paper (Puigjaner
et al. 2008), they expand their study to air and silicone oil in a cubical cavity with
conducting sidewalls. For both working fluids, the bifurcation diagrams are more
complex than those reported previously for adiabatic sidewalls. All of these studies
yield important results that clarify the stability behaviour of natural convection in a
cubical enclosure heated from below. However, in practical applications, it is common
that the cavity is tilted. Even when the cavity is intended to be placed horizontally,
a very slight inclination exists in a real physical situation. Then, two fundamental
questions arise: what is the effect of a slight inclination on the stability of the
system?, and for larger inclination angles, what happens during the transition from
Rayleigh–Bénard convection to the heated-from-the-sides configuration? In spite of
the importance of natural convection in tilted cavities, there is no complete bifurcation
analysis that addresses these questions in a three-dimensional enclosure.
Concerning the stability analysis in tilted enclosures, the work done by Cliffe &
Winters (1984, 1986) is pioneering. They conducted two-dimensional calculations
of natural convection inside a tilted square cavity with adiabatic sidewalls. Their
study shows that the symmetric primary pitchfork bifurcation, which is found in
the horizontal case, is broken as a result of the tilt. The no-flow solution is then
nonexistent and a leading stable branch, consisting of rolls in the same direction as
the inclination, takes its place commencing from Ra → 0. Moreover, a disconnected
branch corresponding to the rolls opposite to the inclination develops from a
saddle-node bifurcation. This disconnected branch has two segments: one stable,
the other unstable. The results of Cliffe & Winters (1984) provide a glimpse on
the convective phenomenon that unfolds when the cavity is tilted. Namely, some of
the symmetries found in the horizontal case are broken and disconnected branches
appear. Nevertheless, their bifurcation analysis fails to predict the effects of the tilt on
three-dimensional convection. The extensive experimental work done by Ozoe, Sayama
& Churchill (1974, 1977) and Ozoe et al. (1983) on tilted ducts indicates that the
inclination has a distinctive effect on the various three-dimensional stable solutions.
Except for the analysis of Kirchartz & Oertel (1988) and Torres et al. (2013),
all bifurcation studies conducted in tilted cavities are based on two-dimensional
calculations, e.g. Moya, Ramos & Sen (1987), Bergeon, Ghorayeb & Mojtabi (1999),
Adachi (2006) and Altaç & Kurtul (2007). Furthermore, these three-dimensional
studies (Kirchartz & Oertel 1988; Torres et al. 2013) do not address the degeneracy
of the solutions inside a tilted cubical cavity, which is a fundamental enclosure.
Kirchartz & Oertel (1988) carried out a thorough study on thermal convection
in inclined rectangular boxes, both experimentally and numerically. They limited
the analysis to the case of an inclination about the short axis of the parallelepiped
enclosure. They discussed the influence of the shear flows in tilted boxes and the
transition to time-dependent oscillatory convection. They used stability diagrams to
describe the stable solutions in the system, in which the basic flow, transversal rolls,
and longitudinal rolls arise at different Rayleigh numbers and inclination angles.
The experimental part of their study yields two important findings: first, there are
transition angles between multi-cellular convection and a single roll configuration;
and, second, there are critical angles at which some stable solutions cease to exist.
Their theoretical model, however, does not predict these critical angles.
We have recently developed a three-dimensional continuation method to study
convection in tilted rectangular enclosures (Torres et al. 2013). The method was used
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to investigate the stable solutions inside a tilted truncated square duct for Pr = 1. For
a horizontal cavity, i.e. θ = 0◦ , it was found that the rectangular shape (non-cubical)
first favours stable transverse rolls and then prompts stable longitudinal rolls at a
higher Rayleigh number. When the cavity is slightly tilted, e.g. θ = 0.01◦ , it was
shown that a leading branch and a disconnected branch for the longitudinal rolls
appear, and that the transverse rolls still develop from a pitchfork bifurcation. The
subtle changes that further occur when θ is increased were depicted, and the locus of
the interesting bifurcation points was obtained in the Ra − θ domain, thus allowing
us to get a map of the different stable solutions. However, the study was limited to
Ra 6 25 000.
The aim of this study is to clarify the stability of natural convection in a tilted
cubical cavity with adiabatic sidewalls. The elemental cubical geometry is chosen
because it has been thoroughly investigated in the horizontal case and because it
involves many different symmetries, which are expected to be modified by the tilt.
The problem is addressed in three dimensions for Ra 6 150 000, and the effects of the
inclination are investigated in the range 0◦ 6 θ 6 90◦ for the Prandtl number Pr = 5.9,
which is approximately the Prandtl number of water at temperature T ∗ ≈ 27 ◦ C. The
main objectives are the following.
(i) Determine the bifurcation diagrams for a titled cubical cavity and clarify
the effects of the tilt on the primary, secondary and Hopf bifurcations. Our
continuation method will allow us to calculate all of the different branches that
are connected by bifurcation points.
(ii) Determine the stability diagrams in the Ra − θ parameter space and describe the
different stable regimes, often limited at critical angles.
In § 2, we briefly explain the mathematical model and numerical methods used in
this study, and present a validation based on the work of Puigjaner et al. (2004) for a
horizontal cubical cavity filled with air (Pr = 0.71). In § 3, the results for a horizontal
cubical cavity filled with water (Pr = 5.9) are presented, focusing on multiple
symmetric solutions that emerge from the bifurcations related to stable solutions.
In § 4, the effect of a slight tilt on the stability of the system is clarified. In § 5,
the evolution of the stable solutions as a function of the inclination is presented in
comprehensive stable solution diagrams. Finally, the main findings and their physical
implications are summarized in § 6.
2. Mathematical model, numerical techniques and validation

2.1. Geometry and governing equations
The mathematical model consists of an inclined cubical cavity filled with a fluid
of constant physical properties. The cubical cavity has dimensions l∗ × l∗ × l∗ , four
adiabatic sidewalls, and lower and upper (defined with respect to the horizontal case)
isothermal walls held at TH∗ and TC∗ , respectively, with TH∗ > TC∗ . (The superscript ∗
indicates dimensional variables.) The cavity is inclined about a lower horizontal edge,
as shown in figure 1. Its isothermal walls form an angle θ with the horizontal plane (θ
is given in degrees throughout the text but ∗ is omitted for the sake of clarity), i.e. the
inclination vector is Θ = −θ ez , where ez is the unit vector in the z direction. θ will be
chosen in the range 0◦ 6 θ 6 90◦ . The origin of the coordinate system is placed at the
lower vertex of the cavity, with the Cartesian coordinate axes along its edges. The x∗
axis is perpendicular to the heated walls. The coordinates (x∗ , y∗ , z∗ ) are normalized
by l∗ in order to obtain (x, y, z), as shown in figure 1(b). The temperature T ∗
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F IGURE 1. Geometry of the inclined heated cubical cavity. (a) Dimensional cavity with
its edges along the y axis tilted with respect to the horizontal plane by an angle θ . The
inclination vector is Θ = −θez . (b) The normalized and spatially discretized cavity. The
yz-planes at x = 0 and x = 1 are set at constant dimensionless temperatures TH = 1/2 and
TC = −1/2, respectively. The remaining sidewalls are set adiabatic.

is normalized in the form T = (T ∗ − Tm∗ )/(TH∗ − TC∗ ), where Tm∗ is a reference
temperature taken as the mean temperature Tm∗ = (TH∗ + TC∗ )/2. In dimensionless
form, the isothermal walls then correspond to the yz-planes at x = 0 and x = 1 and
are set at the constant temperatures TH = 1/2 and TC = −1/2, respectively. The fluid
is assumed to be Newtonian. The physical properties (kinematic viscosity ν ∗ , thermal
diffusivity κ ∗ , density ρ ∗ , thermal expansion coefficient β ∗ ) are taken as constant,
except in the buoyancy term where, according to the Boussinesq approximation, the
fluid density is assumed to be linearly dependent on the temperature in the form
ρ ∗ = ρm∗ (1 − β ∗ (T ∗ − Tm∗ )); here, ρm∗ is the density at Tm∗ . The characteristic scales for
length, time, velocity and pressure are l∗ , l∗2 /κ ∗ , κ ∗ /l∗ and ρ ∗ κ ∗2 /l∗2 , respectively.
The conservation equations of mass, momentum and energy, which are used to
model the convective motion expressed in terms of the dimensionless velocity vector
u = (u, v, w), the pressure p and the temperature T are written as follows:

∇ · u = 0,
(2.1a)
∂u
+ (u · ∇)u = −∇p + Pr ∇ 2 u + Pr Ra T(cos(θ ) ex + sin(θ ) ey ),
(2.1b)
∂t
∂T
+ (u · ∇)T = ∇ 2 T,
(2.1c)
∂t
where ex and ey are the unit vectors in the x and y directions, respectively. The
influence of the tilt is considered in the buoyancy term of the momentum equation.
The non-dimensional parameters are the Rayleigh number Ra = β ∗ (TH∗ − TC∗ )gl∗3 /κ ∗ ν ∗
and the Prandtl number Pr = ν ∗ /κ ∗ .
The fluid, confined in the cubical cavity shown in figure 1, is subject to the
following boundary conditions:

u = (u, v, w) = 0 on x = y = z = 0, 1,

T = 1/2 and T = −1/2 on x = 0 and x = 1, respectively,
(2.2)

∂T/∂y = 0 and ∂T/∂z = 0 on y = 0, 1 and z = 0, 1, respectively.
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These boundary conditions account for the no-slip condition on all of the walls,
constant temperatures on the lower and upper walls, and insulation on the four
sidewalls, respectively.
Furthermore, the average Nusselt number Nu expresses the convective heat transfer
through a yz-plane perpendicular to x in comparison with the diffusive heat transfer.
As there is no heat loss through the adiabatic sidewalls, the energy conservation law
implies that Nu is the same for all yz-planes. In our case, Nu is calculated on the
boundary at x = 1 (u = 0) and can be simply expressed as
 
Z 1Z 1
dT
Nu =
−
dy dz.
(2.3)
dx x=1
0
0
2.2. Symmetry groups
The basic no-flow solution in the horizontal situation, under the approximation of
the model, presents different symmetries which, as shown for example in Puigjaner
et al. (2008), belong to the symmetry group D4h = Z2 × D4 . Here, Z2 is generated
by the reflection about the horizontal yz-midplane, SPx , and D4 is the dihedral group
which is the symmetry group of a square (Bergeon, Henry & Knobloch 2001). The
D4 group contains eight elements: the four rotations Rk , k = 0, 1, 2, 3, where R is
a π/2-rotation around the x axis and R0 is the identity I, and the four reflections
with respect to vertical planes, the two xz- and xy-midplanes and the two diagonal
planes Pd+ (z = y) and Pd− (z = 1 − y), which are denoted as SPy , SPz , SPd+ and SPd− ,
respectively. (Note that only two reflection symmetries that do not commute, as SPz
and SPd+ , are enough to generate D4 .) The Z2 group has two elements, SPx and the
identity I, which induces the D4h group to contain 16 elements, i.e. the symmetries
of D4 and the products of these symmetries with SPx . As an example, we give the
action of the reflection symmetries SPz and SPd+ on the solutions of (2.1)–(2.2), from
which the other reflection symmetries can be deduced:

SPz : (x, y, z) → (x, y, 1 − z), (u, v, w, T) → (u, v, −w, T),
(2.4)
SPd+ : (x, y, z) → (x, z, y), (u, v, w, T) → (u, w, v, T).
Among the symmetries obtained by the products of the D4 symmetries with SPx , there
exist the central symmetry SC and the π-rotational symmetries about horizontal axes,
namely SAy , SAz , SAd+ and SAd− associated with the two middle axes Ay and Az and the
two middle diagonal axes Ad+ (perpendicular to Pd+ ) and Ad− (perpendicular to Pd− ),
respectively. The type of actions that these axial symmetries have on the solutions are
given by

SAz : (x, y, z) → (1 − x, 1 − y, z), (u, v, w, T) → (−u, −v, w, −T),
(2.5)
SAd+ : (x, y, z) → (1 − x, 1 − z, 1 − y), (u, v, w, T) → (−u, −w, −v, −T).
Note that the symmetry SAx also exists as an element of D4 (SAx = R2 ).
When the cubical cavity is tilted by Θ, we can expect the no-flow solution to
disappear for Ra 6= 0 (Cliffe & Winters 1984). The convection is first introduced by
a single transverse roll whose axis of rotation is in the same direction as Θ. The
symmetries that account for this inclined case are the SPz , SAz and SC symmetries.
These symmetries belong to a Z2 × Z2 = D2 group, which contains four elements
(including the identity I).
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Remember that for any steady solution B = (u, T) of (2.1) and (2.2), its
transformation S B by a symmetry S of the problem is also a steady solution. The set
of all solutions obtained from B by applying all of the symmetries of the problem
(symmetry group denoted as ΣP ) is called the orbit of the solution B under ΣP
(Puigjaner et al. 2008). If S B = B, it means that S is a symmetry of the solution B,
otherwise if S B 6= B, a new steady solution is generated. If ΣB is the subgroup of ΣP
containing the symmetries of the solution B (isotropy subgroup of B), the number of
different solutions in the orbit of B is given by |ΣP |/|ΣB |.
In our study, the ensemble of all of the solutions belonging to the same orbit
are said to be equivalent (they behave with the same dynamics and are destabilized
at the same critical parameters) and to build what we call a flow pattern. In both
the horizontal and tilted situations, the basic flow (no-flow diffusive solution and
leading transverse roll solution, respectively) is a unique solution, which has all of
the symmetries of its corresponding problem. In contrast, up to 16 distinct solutions
can exist in a flow pattern in the horizontal case, whereas this number is limited to
four in the inclined case. (These maximum numbers occur when the flow patterns
have no more symmetries.) In between these extreme states, solutions with an
intermediate number of symmetries will exist, the transitions between these different
solutions generally occurring at pitchfork bifurcations when increasing Ra. Note that,
in contrast to what is done in Puigjaner et al. (2008), it will be useful in our study
to distinguish between different solutions belonging to the same flow pattern in the
horizontal case, because they might evolve differently in the tilted situation.
2.3. Numerical techniques
In this study, we solve the governing equations (2.1) by using a three-dimensional
spectral element code, as described by Ben Hadid & Henry (1997). This code has
then been adapted to allow continuation of the solutions and of the bifurcation points
(Henry & Ben Hadid 2007) and has eventually been automatized for the calculation of
complex bifurcation diagrams (Torres et al. 2013). The continuation method, initially
proposed by Mamun & Tuckerman (1995), is based on a Jacobian-free Newton solver.
This method has become a well-established numerical technique used in the context
of three-dimensional convection by several authors, e.g. Bergeon & Knobloch (2002)
and more recently Borońska & Tuckerman (2010), Mercader, Batiste & Alonso (2010),
Beaume, Bergeon & Knobloch (2013), and Lo Jacono, Bergeon & Knobloch (2013).
In a previous study (Torres et al. 2013), we used this method to study convection of
a pure fluid (Pr = 1) confined in a tilted truncated square duct (aspect ratio, A = 2),
focusing on the effect of the tilt around the first instability thresholds. In this study,
this three-dimensional continuation method is applied to an inclined cubical cavity
(A = 1) for a large range of Ra, where numerous instability thresholds, disconnected
branches, and Hopf bifurcations are expected to occur according to the studies of
Puigjaner et al. (2004, 2006) on horizontal cubical cavities.
The cubical cavity is spatially discretized with a mesh (based on a Gauss–Lobatto–
Legendre point distribution) comprising 31 × 31 × 31 grid points, as shown in
figure 1(b). The time discretization of the governing equations is performed with
the semi-implicit splitting scheme proposed by Karniadakis, Israeli & Orszag (1991).
Here, the nonlinear terms are first integrated explicitly, the pressure is then solved
through a pressure equation enforcing the incompressibility constraint (with a pressure
boundary condition derived from (2.1b)) and the linear terms are finally integrated
implicitly. The first-order formulation of this time integration scheme is used for
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steady-state solving through a Newton method (Mamun & Tuckerman 1995; Torres
et al. 2013), as well as for eigenvalue calculation and determination of bifurcation
points (Bergeon et al. 1998; Petrone, Chénier & Lauriat 2004; Torres et al. 2013).
The three-dimensional code presented by Torres et al. (2013) is employed in this
study to investigate convection inside a tilted cubical cavity for large inclination and
Ra ranges. All of the calculation procedures are carried out with a single continuation
algorithm. Each run of the continuation procedure is capable of calculating, for a
given range of Ra at a constant θ , the solution branches, the stability of the solutions
along these branches, the bifurcation points (pitchfork, saddle-node and Hopf), and
the branching to newly detected stable or unstable group of solutions. Moreover,
global bifurcation diagrams and stability diagrams for an inclined cubical cavity are
usually determined with multiple runs of this continuation algorithm which organizes
the different steps of the calculation. When the global bifurcation diagram is too
complex or the range of Ra is too large, we divide the calculation procedure into
multiple manageable ranges of Ra, and then merge all of the calculation results in a
single bifurcation diagram.
The bifurcation diagram for tilted cavities is expected to have multiple disconnected
branches (Cliffe & Winters 1984; Bergeon et al. 1999; Torres et al. 2013). This is
an obstacle to any continuation algorithm, since the calculation of a disconnected
branch is not possible without having at least one solution on this branch. In spite
of this limitation, we are capable of finding the disconnected branches at θ 6 = 0◦
by first calculating the solutions for θ = 0◦ with our continuation method, and then
use these solutions as initial guess in the Newton solver to converge to a solution
belonging to the slightly tilted case. Hence, the initial solutions suitable to calculate
the disconnected branches for slightly tilted cavities are found in the horizontal
situation. Conversely, determining bifurcation diagrams at larger inclinations would
involve the use of the solutions corresponding to the slightly inclined situation as an
initial guess.
The primary bifurcations in the horizontal case are determined by calculating the
leading eigenvalues of the diffusive solution for increasing Ra. Here, we alternate
a computationally expensive step using Arnoldi method and cheaper steps using
Newton method; the former is used to calculate the 10 leading eigenvalues while the
latter is used to follow the stable eigenvalue with the negative real part closest to
zero. As Ra is increased, the sign of the real part of this eigenvalue is monitored in
order to detect a possible change in sign that indicates the existence of a bifurcation.
If the sign changes between successive computed Ra, a precise calculation of the
bifurcation point is then conducted with the Newton solver, where the corresponding
eigenvector is used as an initial guess. The critical Rayleigh number, Rac , and the
critical eigenvector are then stored, and the algorithm continues to increase Ra until
its limit is reached.
Once the limiting Ra is reached, a new sequence is computed from each stored
primary bifurcation point. At these points, the algorithm uses the critical eigenvector
as a disturbance to the diffusive solution in order to jump to the corresponding
emerging primary branch. This branching algorithm is able to detect both supercritical
and subcritical branches. The new branch is then followed by continuation. The
leading eigenvalues along each branch are calculated in the same way as for
the diffusive solution branch, i.e. monitoring for a possible sign change of these
eigenvalues. This allows the detection of secondary bifurcation points (on non-trivial
solutions), which are precisely calculated and are stored, while continuing the
calculation of the current branch until the limiting Ra. After reaching this limit
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for all of the primary branches, we proceed to follow by continuation the newly
detected secondary branches by using the branching algorithm and, again, evaluate
the stability of these branches until the limiting Ra. This procedure is repeated until
all of the detected branches (secondary, tertiary, etc.) reach the limiting Ra.
Once a thorough bifurcation diagram is obtained, stability diagrams can be
computed by conducting a direct calculation of the bifurcation points with Newton
method, varying θ to follow the evolution of Rac corresponding to each bifurcation
point. Special attention is given to the bifurcation points related to stable solutions,
since they play an important role in the dynamics of a real physical system. The
stability diagram is then conformed by the locus of these bifurcation points, expressed
as a function of Rac and θ. In a calculation run, Rac and the associated solution and
critical eigenvector obtained at a given θ are used as initial guess, and then θ is
varied by a small increment, 1θ . When the Newton solver converges for a given θ,
new critical values are obtained and subsequently used as initial guess for the next
Newton step at a slightly steeper θ . Initially, we choose a constant 1θ , but this value
is further decreased if difficulties of convergence are encountered. The calculation
stops when even a very small 1θ cannot afford convergence, and this generally
occurs when dRac /dθ → ∞.
The stability diagram provides a comprehensive description of the physical situation
by extending the results previously obtained, from bifurcation diagrams at fixed θ to
multiple solution ranges expressed in the Ra − θ domain. It is worth mentioning that
the bifurcation diagram at any θ can be approximated from the values of Rac found
on the bifurcation trajectories in the stability diagram (see figure 16).
2.4. Accuracy assessment
Our results concern the tilted cubical cavity shown in figure 1. The same refined mesh
comprising 31 × 31 × 31 grid points in each Cartesian direction was chosen for all θ
and Ra. Refer to figure 1(b) to see the Gauss–Lobatto–Legendre point distribution on
the vertical xy-plane. This distribution gives a very good precision for the threshold
calculations in the horizontal case, as indicated by the precision tests shown in table 1.
The accuracy of the calculation is expected to decrease when the intensity of the flow
increases, i.e. Ra becomes larger. This is confirmed by the larger drop in accuracy
for the calculation corresponding to the secondary bifurcation point S1 B1 , as shown
in table 1. Nevertheless, for the mesh chosen in this study, the error is below 0.003 %
even at Ra as high as 65 000.
2.5. Validation of the numerical method and preliminary results
The numerical methods described in § 2.3 are validated by reproducing complex
bifurcation diagrams reported in the literature. Here, we choose the case of steady
natural convection inside a horizontal cubical cavity filled with air (Pr = 0.71) because
it has been studied in detail by Puigjaner et al. (2004). In addition to the validation,
these results are useful to describe the characteristics of the different solutions inside
the cavity and their notations, as well as to further discuss the influence of the Prandtl
number.
Figure 2 shows the bifurcation diagram determined for a horizontal cubical cavity
filled with air in the range Ra 6 20 000. The Nusselt number, Nu, is plotted as a
function of Ra. The solutions belonging to the same flow pattern that evolve from
a pitchfork bifurcation have the same Nu at a given Ra and, thus, we can plot
these solutions by using a single branch. In the bifurcation diagrams presented in
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F IGURE 2. Bifurcation diagram for air (Pr = 0.71) inside a horizontal cubical cavity in the
range Ra 6 20 000. The Nusselt number Nu is plotted as a function of the Rayleigh number
Ra. Here and in all subsequent bifurcation diagrams, stable solutions are depicted with
solid lines, unstable solutions by dashed lines when they have one unstable eigenmode
and by dotted lines when they have two or more unstable eigenmodes. The number
of eigenvalues with a positive real part is encircled for the dotted segments. The solid
circles denote pitchfork bifurcation points. Branches initiated at secondary and tertiary
bifurcations are omitted, except for B31 , B32 and B311 . The flows obtained at Ra = 20 000
are shown in table 2.

N

11

17

21

27

31

37

P1
3 388.328 3 388.507 3 388.520 3 388.525 3 388.526 3 388.527
P2
5 899.894 5 900.382 5 900.423 5 900.442 5 900.446 5 900.449
P3
7 455.518 7 456.098 7 456.129 7 456.143 7 456.150 7 456.149
S1 B1 65 267.559 66 240.768 65 762.379 65 821.829 65 818.898 65 820.775

∆37−31 (%)
2.95 × 10−5
5.08 × 10−5
1.34 × 10−5
2.85 × 10−3

TABLE 1. Mesh refinement test of the numerical accuracy based on calculation results
of steady bifurcations (Pr = 0.71). The calculated critical Rayleigh numbers Rac for the
first three primary bifurcations (P1 , P2 , P3 ) and the first secondary destabilizing bifurcation
(S1 B1 ) are listed for different meshes. Here N is the number of grid points on each edge
of the cubical cavity. The total number of grids points is then N 3 . The last column shows
the relative difference ∆ between N = 37 and N = 31, i.e. ∆37−31 = |N(37) − N(31)| ×
100/N(37).

this paper, the solid lines, dashed lines and dotted lines represent stable solutions,
unstable solutions with one positive eigenvalue and unstable solutions with two
or more positive eigenvalues, respectively. The encircled numbers within some
bifurcation diagrams indicate the number of eigenvalues with a positive real part
for the solutions on a dotted branch segment. The solid circles, open circles and
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F IGURE 3. Extension of the bifurcation diagram shown in figure 2 (Pr = 0.71) to the
range Ra 6 150 000. Here and in all subsequent bifurcation diagrams, solid circles, open
circles and open squares denote pitchfork, saddle-node and Hopf bifurcations, respectively.
Secondary and tertiary unstable bifurcation branches are omitted for the sake of clarity,
except for B11 , B31 and B32 . Refer to table 2 to see the stability ranges of these branches
and the vertical velocity contours in the horizontal midplane obtained at Ra = 20 000,
100 000 and 150 000.

open squares, represent pitchfork, saddle-node and Hopf bifurcations, respectively. In
figure 2, the branches initiated at secondary and tertiary bifurcations are omitted for
the sake of clarity, except for the branch B3 (B31 , B32 and B311 are plotted), which
is of special interest because the solution on B3 is stabilized at S1 B3 . Here, S stands
for secondary bifurcation point (on non-trivial solutions) and B for branch; P stands
for primary bifurcation point. Furthermore, the branches are systematically named
Bijk , where i, j and k indicate the primary, secondary and tertiary bifurcation points,
respectively, from which the branch is initiated. Figure 2 shows the level of detail in
which the bifurcation diagrams are determined with the numerical method described
in § 2.3. This bifurcation diagram is extended to the range Ra 6 150 000; the results
are plotted in figure 3. These calculations show that for Ra 6 150 000, the stable
branch B1 is destabilized at S1 B1 giving rise to a new stable branch B11 , whereas, as
already seen, the twice unstable branch B3 is stabilized at S1 B3 .
Table 2 gives the ranges of stability for the branches shown in figure 3. The
flow structure is presented within the table by the vertical velocity contours in the
horizontal midplane (x = 1/2) at Ra = 20 000, 100 000 and 150 000. The literature
values (Puigjaner et al. 2004) are included for comparison. A very good agreement
with the published work is obtained, except for B5 . Our results indicate that this
branch is triggered at the primary bifurcation P4 at Rac ≈ 8601.1, whereas Puigjaner
et al. (2004) designate this branch as secondary and commencing at Rac ≈ 10 000.
The calculation was run multiple times (with different Rayleigh number increment
1Ra) in order to confirm that the stability threshold for P4 is really at Rac ≈ 8601.1
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Range of
Range of
stability
instability
(inside the brackets,
Puigjaner et al. 2004)
3388.5–65 818.9
[3389–66 200]

65 818.9–
[66 200–]

65 818.9–174 714
[66 200–]

174 714–

—

3388.5–
[3389–]

8270.4–267 378 5900.4–8270.4,
[8300–]
267 378–
[5901–8300]

B31

—

8270.4–

B32

—

8270.4–

P3

B4
[S4 ]

—

7456.1–
[7456–]

P4

B5
[S6 ]

—

8601.1–
[10 000–]

P5

B6

—

12 998.0–

B7

—

12 998.0–

TABLE 2. Flow structures for the main steady solutions initiated at the first five primary
bifurcation points in the case of convection inside a horizontal cubical cavity filled with
air (Pr = 0.71). The flow is depicted at Ra = 20 000, 100 000 and 150 000. The vertical
velocity u on the horizontal midplane (x = 1/2) is shown with solid and dashed lines
for positive and negative values, respectively. The flows are all unstable, except for those
which are labelled stable. The brackets give the name of each branch and the range of
stability reported by Puigjaner et al. (2004).

(the branch B5 initiated at P4 is clearly depicted in figure 2). Furthermore, we note
from table 2 that the discrepancies between our results and the literature values
increase at larger Ra. This is expected because the accuracy drops at higher Ra,
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as indicated in table 1 for S1 B1 . Our accuracy assessment (see § 2.4) demonstrates,
however, that the stability thresholds calculated by our method at high Ra remain
very accurate.
Concerning the complementary calculations for this system, it was found that
the stable branch B11 becomes oscillatory unstable after the Hopf bifurcation H1 B11
at Rac ≈ 174 714, and that the stable four-roll solution B3 becomes twice unstable
at Rac ≈ 267 378. The unstable branches, B31 , B32 , B6 and B7 were additionally
calculated in an attempt to find the disconnected stable branch reported by Puigjaner
et al. (2004). This attempt was however unsuccessful. Furthermore, the stabilization
of the diagonal-roll solutions B2 at higher Ra was expected, following the results
of Puigjaner et al. (2006) for Pr = 130. However, we found that for Pr = 0.71 the
branch B2 encounters a destabilizing Hopf bifurcation H1 B2 at Rac ≈ 154 282, showing
the different stability characteristics encountered for different Prandtl numbers.
The stable solutions are the main focus of this study because they determine the
flow in a real physical situation. Based on the results for Pr = 0.71 (figure 3) and
Pr = 130 (Puigjaner et al. 2006), we can expect the following types of stable solution
branches for Rayleigh–Bénard convection in a cubical cavity:
(i)
(ii)
(iii)
(iv)
(v)
(vi)

no-flow (trivial) solutions before P1 ;
B1 , transverse rolls from P1 to S1 B1 ;
B11 , transverse rolls with a broken symmetry after S1 B1 ;
B111 , asymmetric transverse rolls after S1 B11 ;
B3 , four-roll solutions after S1 B3 ;
B2 , diagonal rolls stabilized after S1 B2 .

For Pr = 0.71, (iv) and (vi) do not apply. The axis of rotation for what we call
transverse rolls in this study (ii) is an axis in the horizontal midplane, i.e. yz-plane
for x = 1/2, at y = 1/2 or z = 1/2. Therefore, there are four types of transverse roll
solutions that have the same heat transfer characteristics, i.e. the same average Nusselt
number Nu. This multiplicity of the transverse rolls in the horizontal situation can be
also inferred from the relation |ΣP |/|ΣB |, with |ΣP | = 16 (horizontal cubical cavity)
and |ΣB | = 4 (these rolls have four different symmetries). In the same way as for
the transverse solutions B1 , there are four types of dynamically equivalent diagonal
solutions B2 emerging at P1 . Concerning the four-roll solution group B3 , there are two
equivalent unstable branches emerging at P2 and four equivalent unstable branches
emerging at each S1 B3 . The multiple solutions that arise at these bifurcations are
discussed in more detail in § 3.
Finally, even though the bifurcation diagram depicted in figure 3 was calculated
accurately with the continuation procedure described in § 2.3, it is known that other
disconnected solutions might exist in a horizontal cubical cavity (Puigjaner et al.
2004). In this study, however, we choose not to look for disconnected branches in the
horizontal case because the chances to detect these isolated branches are very small
indeed. We rather focus on the family of solutions that can be directly calculated with
the continuation method, and extend this calculation procedure to find the multiple
disconnected branches that are expected to exist for tilted enclosures.
3. Stability in a horizontal cubical cavity

In this section, detailed bifurcation diagrams are calculated for a horizontal cavity,
θ = 0◦ , filled with water, Pr = 5.9, focusing on multiple equivalent solutions found
around stable flow patterns. Most of the numerical studies dealing with water assume
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Pr = 7.0, which corresponds to Tm∗ ≈ 20 ◦ C. The Prandtl number of water is, however,
strongly dependent on temperature, particularly at lower temperature values. We
assume Pr = 5.9 for water at T ∗ ≈ 27 ◦ C (this choice is based on unpublished
experimental work).
In the validation, § 2.5, we focused on a single solution belonging to each flow
pattern. We then described the solutions of the system by using the average Nusselt
number, Nu, as a representative amplitude in the ordinate of the bifurcation diagram,
because the solutions with the same flow pattern have the same profile Nu(Ra). In
contrast, these equivalent branches representing a flow pattern at θ = 0◦ are expected
to split in tilted enclosures. Therefore, a representative amplitude that is capable of
distinguishing the different solution branches must be used to represent all of the
solutions of the system with a single bifurcation diagram. This amplitude can be either
the temperature or a component of the velocity vector at a representative grid point
within the cavity. The representative point should not be taken on a symmetry plane
or axis in order to avoid the overlapping of the solution branches.
3.1. Solutions near the first instability threshold
Figure 4 shows the bifurcation diagram of a horizontal cubical cavity filled with water
in the range Ra 6 8000. Here, the vertical axis represents the vertical velocity u1 at the
grid point (x1 , y1 , z1 ) ≈ (0.9, 0.79, 0.9). The insets in this figure, and in all subsequent
figures in this paper, indicate the vertical velocity contours in the yz-midplane at x =
1/2 (horizontal plane for θ = 0◦ ), where solid and dashed lines represent positive
and negative values of u, respectively. These insets give a clear depiction of the flow
structure on each solution branch and, hence, they are very useful to explain the
bifurcation diagram.
The bifurcation diagram shown in figure 4 clearly describes all of the solutions that
arise after the first and second instability thresholds, i.e. P1 and P2 , respectively. All
of the bifurcations that emerge from the no-flow solution (primary bifurcations) are
pitchfork bifurcations due to the breaking of the up–down symmetry. There are two
types of flow patterns evolving from P1 , one stable and another unstable (see branches
B1 and B2 in § 2.5). Each of these flow patterns contains four equivalent solutions:
four stable transverse rolls and four unstable diagonal rolls. Moreover, there are two
equivalent four-roll solutions emerging from P2 (see branch B3 in § 2.5). The solution
branches emerging from P3 are omitted because they are not directly related to stable
solutions even for larger Ra.
For the solutions corresponding to a single roll, the branches are denoted by the
rotation vector corresponding to this roll. Thus, for the group of stable solutions B1
(see § 2.5), we have the branches By , Bz , B−y and B−z , representing transverse stable
rolls with their respective rotation vector in the same direction as the unit vectors ey ,
ez , −ey and −ez . The branches By and B−y (also written as B±y and corresponding
to ±y rolls) have the SPy and SAy symmetries, while the branches B±z (corresponding
to ±z rolls) have the SPz and SAz symmetries. For the group of unstable solutions B2 ,
we have the branches By+z , By−z , B−y+z and B−y−z , representing diagonal unstable rolls
with the rotation vector in the same direction as (ey + ez ), (ey − ez ), (−ey + ez ) and
(−ez − ez ), respectively; B±(y+z) account for the diagonal symmetries SPd− and SAd− ,
while B±(y−z) account for SPd+ and SAd+ . For all of these one-roll solutions, the SC and
trivial I symmetries are also valid. In contrast, the two four-roll solutions are named
BR4+ and BR4− , corresponding to the group of solutions B3 (see § 2.5). In the subscript,
R4 stands for four-roll and the sign accounts for the direction of the vertical velocity
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F IGURE 4. Bifurcation diagram for water (Pr = 5.9) inside a horizontal cubical cavity
in the range Ra 6 8000. The abscissa indicates Ra and the ordinate indicates the vertical
velocity u1 at the representative grid point (x1 , y1 , z1 ) ≈ (0.9, 0.79, 0.9). See figure 2 for the
line type notation. Four stable solutions (B±z and B±y ) and four unstable solutions (B±(y+z)
and B±(y−z) ) emerge from P1 . Two unstable solutions (BR4± ) emerge from P2 . The branches
that emerge from P3 are omitted. The flow at Ra = 8000 is shown in the insets for all
of the branches. Here and in all subsequent velocity contour insets, positive and negative
values of u on the yz-midplane at x = 1/2 (horizontal plane for θ = 0◦ ) are depicted by
solid and dashed lines, respectively.

u in the midplane x = 1/2 for y > 1/2 and z > 1/2. Each BR4± has eight symmetries,
in particular both diagonal plane symmetries SPd± and both π-rotational symmetries
about horizontal axes, SAy and SAz . Note that the branches that emerge from primary
bifurcations are prompted by eigenvectors with the same topological structure.
3.2. Four-roll solutions
Figure 5 focuses on the four-roll solution branch BR4− and its derivative branches
emerging from the stabilizing steady bifurcation point S1 BR4− (S1 B3 in figures 2 and 3).
The branch BR4+ is omitted since it has a similar evolution with Ra. The unstable
solutions are calculated because they might have a determining role in the stability of
the system after imposing a tilt. This result shows that the stability threshold at S1 BR4−
is larger for water (Rac (Pr = 5.9) ≈ 9521.3) than for air (Rac (Pr = 0.71) ≈ 8270.4).
Moreover, in figure 5, instead of u1 we opted to take the horizontal velocity w1 as
amplitude in order to clearly depict these branches (reduce the overlapping). Again,
any representative amplitude can be chosen, as long as Ra is taken as abscissa and
the various branches and bifurcation points are properly labelled. Note that BR4− is
the upper branch in figure 5, whereas it corresponds to the lower branch in figure 4.
Eight unstable solutions evolving from the bifurcation point S1 BR4− are shown
in figure 5: four are once unstable (dashed lines) and four are twice unstable
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F IGURE 5. Bifurcation diagram (Pr = 5.9) inside a horizontal cubical cavity focusing on
the four-roll solutions related to S1 BR4− . The horizontal velocity w1 at the representative
grid point (x1 , y1 , z1 ) ≈ (0.9, 0.79, 0.9) is plotted as a function of Ra. See figure 4 for the
notation. Eight unstable solutions emerge from S1 BR4− , which is a stabilizing bifurcation.
The insets show the flow pattern on these branches at Ra = 15 000 and at the secondary
bifurcation.

(dotted lines). The flows are shown in the insets at the bifurcation point S1 BR4− and
at Ra = 15 000, the limit value of Ra in the bifurcation diagram. The once unstable
branches are denoted as V y , V z , V −y and V −z , corresponding to the transverse roll
eigenvectors at S1 BR4− which have the directions ey , ez , −ey and −ez , respectively.
We can see in the insets that the flow structure on these branches is the four-roll
structure obtained at S1 BR4− modified by the eigenvector, e.g. there is a larger area of
positive vertical velocity on the branch V −y for z < 1/2 accounting for the eigenvector
in the −ey direction. Moreover, the twice unstable branches are denoted as V y+z , V y−z ,
V −y+z and V −y−z , accounting for the diagonal eigenvectors that produce the instability
at S1 BR4− and have the directions (ey + ez ), (ey − ez ), (−ey + ez ) and (−ey − ez ),
respectively. These unstable solutions only have one symmetry left (apart the identity
I), the π-rotational symmetry with respect to a transverse axis for the once unstable
solutions and the symmetry with respect to a vertical diagonal plane for the twice
unstable solutions.
3.3. Stable solutions at moderate Rayleigh numbers: Ra 6 150 000
Figure 6 shows the bifurcation diagram in a horizontal cubical cavity for Pr = 5.9
at moderate Rayleigh numbers (Ra 6 150 000). The branches in this figure have been
plotted in terms of Nu as a function of Ra in order to show in a single diagram the
secondary and Hopf bifurcations on the branches that were found to have a stable
part in the range Ra 6 150 000. Moreover, instead of showing multiple stable and
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F IGURE 6. Bifurcation diagram in a horizontal cubical cavity (Pr = 5.9) for the branches
related to stable solutions in the range Ra 6 150 000. The abscissa and ordinate axes
indicate Ra and Nu, respectively. See figure 2 for the line type notation. The flow
is depicted within the white background insets at various Rac and at Ra = 150 000.
See figure 4 for the line type notation within these insets. The eigenfunctions at the
bifurcations S1 B1 , S1 B11 , S1 B2 , and S1 B3 are shown in the grey background insets.

unstable branches in this range, as in figure 3, only the branches that have a stable
part are plotted. Note that in addition to the stable solutions shown in figures 4 and 5,
i.e. the transverse-roll B1 and four-roll solutions B3 , the diagonal-roll solutions B2 are
included. A detailed branching is not necessary for B2 in terms of u1 as a function
of Ra because this solution is stabilized once at S1 B2 changing from one positive
eigenvalue to zero positive eigenvalues and, therefore, a simple pitchfork bifurcation
with two symmetry related unstable branches is obtained. In the case of B3 , on the
other hand, the solution is stabilized twice at S1 B3 , resulting in eight unstable solution
branches emerging from this point, as shown in figure 5.
The results indicate that the stable transverse solutions (corresponding to four
equivalent solutions), which emerge at P1 , are destabilized once at the steady
bifurcation points S1 B1 and the stable emerging branches B11 (corresponding to
eight equivalent solutions) are destabilized once at S1 B11 . Finally, the resulting stable
branches B111 (there are 16 overlapping branches of this type) become unstable at
the Hopf bifurcation H1 B111 , but are further stabilized at H2 B111 for a slightly higher
Ra. Note that the solutions between H1 B111 and H2 B111 are expected to be oscillatory
and, depending on whether these Hopf bifurcations are subcritical or supercritical,
interesting (stable) oscillatory dynamics can even arise and exist outside the interval
[H1 B111 , H2 B111 ]. In contrast, the diagonal-roll solutions B2 (four equivalent solutions)
and the four-roll solutions B3 (two equivalent solutions), which emerge from P1
and P2 , respectively, are initially unstable, are later stabilized at S1 B2 and S1 B3 ,
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Branch
B1
B11
B111

Range of
existence

Range of
stability

|ΣB |, number of
symmetries

ΣB
generated by

Equivalent
solutions

3388.5–

3388.5–54 961.2

4

4

54 961.2–
71 445.2–

2
1

SPy + SAy or
SPz + SAz
SPy or SPz
I (non-symmetric)

8

B2

3388.5–

54 961.2–71 445.2
71 445.2–99 333.6,
102 968.9–312 796
73 587.7–213 233.9

B3

5900.4–

9521.3–(106 )–

4

SPd+ + SAd+ or
SPd− + SAd−
SPd+ + SAz

8
16
4
2

TABLE 3. Summary for the range of existence, the stability character and the symmetry
properties of the branches depicted in figure 6 (Pr = 5.9, θ = 0◦ ). Here B3 continues to be
stable beyond Ra = 106 .

and remain stable in the range Ra 6 150 000. The flow structure for each branch
is depicted within the white background insets at the four secondary bifurcations
and at Ra = 150 000; the grey background insets similarly show the eigenfunctions
at the secondary bifurcations. The range of existence, the range of stability and the
symmetry properties for these branches are listed in table 3. The stability of B3 was
confirmed until Ra = 106 .
The effect of the Prandtl number on the stability of the system is evident when
comparing the bifurcation diagrams in figures 3 and 6, for Pr = 0.71 and Pr = 5.9,
respectively. In both cases the stable solutions B1 , B11 and B3 are present. However,
for Pr = 0.71 the bifurcation point S1 B11 does not exist; the stable branches B11 and B3
are destabilized at higher Rac without prompting any stable steady solutions; and the
diagonal solutions B2 are always unstable. In contrast, for Pr = 5.9 the stable solutions
B11 are destabilized once at S1 B11 , prompting the stable branch B111 that is unstable for
a small range of Ra between the Hopf bifurcations H1 B111 and H2 B111 and for Rac >
312 796; and the diagonal solutions B2 are stable for the range specified in table 3.
4. Stability in a slightly tilted cubical cavity

The effects of the inclination vector Θ on the bifurcations shown in figure 6 are
of particular interest since these bifurcations determine the range of existence of
the stable solutions. However, some of these bifurcations (as P1 and S1 B3 ) being
rather complex and involving multiple solutions (see figures 4 and 5), we choose
to first calculate bifurcation diagrams for the slightly inclined cavity at θ = 0.1◦ .
These diagrams will allow us to see the fundamental changes induced by the tilt,
due in particular to the symmetry changes. In order to distinguish the branches with
originally the same flow pattern, the bifurcation diagrams are again presented using
a velocity component at a reference point as amplitude.
4.1. Solutions near the first instability threshold
Figure 7 shows the bifurcation diagram for water (Pr = 5.9) inside a cubical
cavity slightly tilted by θ = 0.1◦ in the range Ra 6 8000. The flow transition
that occurs between the horizontal case and the slightly inclined case around the
primary bifurcation P1 is clarified from this figure. Connections now appear between
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F IGURE 7. Bifurcation diagram (Pr = 5.9) inside a cubical cavity tilted by θ = 0.1◦ in
the range Ra 6 8000. The vertical velocity u1 at a representative grid point (x1 , y1 , z1 ) ≈
(0.9, 0.79, 0.9) is plotted as a function of Ra. See figure 3 for the notation. The number
of positive eigenvalues is encircled for each dotted segment. The branches that emerge
from S2 and S3 are omitted. The contours of u (x = 1/2) for the solutions at C±y−z , Sz ,
Cz and on the branches at Ra = 8000 are shown in the white background insets. The grey
background insets indicate the eigenfunction at the bifurcation. The light grey curves are
the solutions in the horizontal case shown in figure 4.

the unstable diagonal rolls and stable transverse rolls previously obtained in the
horizontal case (see figures 2 and 4). The effect of the slight inclination on each
group of solutions is described in the following.
(i) Formation of a leading branch B−z consisting of a stable transverse roll in
the direction of the inclination vector Θ. When the cavity is tilted, the trivial
solution found in the horizontal case before the first instability threshold P1
ceases to exist, becoming a weak convective solution of B−z type which exists
as soon as Ra 6= 0. This weak B−z solution evolves continuously toward the B−z
branch obtained previously for θ = 0◦ , without the presence of any bifurcation
point, i.e. the bifurcation point P1 (obtained for θ = 0◦ ) has disappeared on
this branch. Figure 8 shows the upper and lateral views of the flow along this
branch on the midplanes x = 1/2 and z = 1/2, respectively. For Ra < Rac (P1 )
(Rac (P1 ) is the Rac value for the bifurcation point P1 obtained for θ = 0◦ ), the
heat transfer due to conduction is dominant, as indicated by the values of Nu
close to 1 and the quasi-flat isotherms in this range. In contrast, the amplitude
of the rolls becomes stronger for Ra > Rac (P1 ), resulting in a larger Nu. It
is important to acknowledge that the rolls in the direction of the inclination,
hereafter called θ rolls, are obtained when Ra is gradually increased from
Ra → 0 while maintaining a constant tilt θ 6 = 0◦ . Therefore, this solution is the
most likely to be encountered in a real physical situation and, hence, it is of
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F IGURE 8. Evolution of the steady-state solutions along the stable leading branch B−z
for θ = 0.1◦ depicted at different Ra. The flow, which sets in at Ra → 0, consists of a
single roll whose axis of rotation is in the direction −ez , i.e. the same as the inclination
vector. The vertical velocity contours u are shown at the midplane x = 1/2. The maximum
vertical velocity on this plane is |u|max . The lateral view of the flow and its corresponding
isotherms are shown in the vertical midplane z = 1/2. The velocity is scaled to visualize
the flow at low Ra.

main interest. This result agrees qualitatively with that reported by Cliffe &
Winters (1984) for convection in a two-dimensional tilted square.
(ii) Formation of a disconnected branch Bz consisting of stable and unstable rolls
in the direction opposite to the inclination vector Θ. This set of solutions is
detached from the leading stable branch B−z and exists after the saddle-node
point Cz , souvenir of the bifurcation point P1 obtained for θ = 0◦ . The solutions
around Cz are unstable. The solutions encounter the bifurcation point Sz on the
branch with stronger amplitude. This bifurcation stabilizes the rolls opposite to
the inclination, hereafter called −θ rolls, and generates two branches which are
described in the next item. Furthermore, these results indicate that the unstable
trivial solutions found in the horizontal case after P1 become weak unstable −θ
rolls. A detailed depiction of the flow is shown in figure 9(a). Here, the flow
is depicted starting from the stable part of the branch at Ra = 5000, decreasing
Ra to pass through the bifurcation point Sz , reaching the saddle-node bifurcation
Cz , and then increasing Ra passing through the secondary bifurcations S2 and S3
until Ra = 8000. Note that the primary bifurcations P2 and P3 have become S2
and S3 , respectively. This result agrees qualitatively with those reported by Cliffe
& Winters (1984) for a two-dimensional square. The nonlinear three-dimensional
approach produced additional information such as the secondary bifurcation
points Sz , S2 and S3 .
(iii) Formation of the branches B±y+z consisting of semi-diagonal rolls with a
component opposite to the inclination vector Θ. As shown in figure 7, these
branches emerge at Sz and are unstable, as were the original diagonal rolls
solutions calculated in the horizontal case. For this group, the initiation point has
evolved from P1 (Rac = 3388.52) in the horizontal case to Sz (Rac = 3742.10) in
the slightly inclined case for θ = 0.1◦ (more precision on that in § 5). Figure 9(b)
depicts the flow evolution from the −θ rolls at Sz to the semi-diagonal By+z rolls
(upper right contours) and the semi-diagonal B−y+z rolls (lower right contours).
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F IGURE 9. Solutions along the branches Bz and B±y+z in figure 7 (θ = 0.1◦ ) at different
Ra. These solutions have in common the bifurcation point Sz . (a) The flow on Bz has
a structure that consists of rolls in the direction opposite to the inclination vector Θ, as
indicated by the vertical velocity contours at x = 1/2. The number of u contours is doubled
at Ra = 8000 to visualize the weak rolls at the corners that appear after S2 . The flow is
weak in the unstable solutions near the trivial solution at θ = 0◦ . The lateral view of the
flow in a vertical midplane z = 1/2 and the corresponding isothermal lines are also shown
for the solutions on Bz . (b) The evolution of the unstable solutions B±y+z that arise at Sz
is shown by the vertical velocity contours at different Ra.

The solutions corresponding to the branches By+z and B−y+z are equivalent
solutions related to each other by the SPz symmetry (as well as the SAz symmetry).
The transition from −θ rolls to semi-diagonal rolls with a component opposite
to the inclination vector is clearly shown in this figure.
(iv) Formation of two disconnected branches B±y(−z) consisting of semi-diagonal and
semi-transverse rolls with a component in the direction of the inclination vector
Θ. Figure 7 shows two disconnected branches that emerge at the saddle-node
points C±y−z . These solutions consist of semi-diagonal rolls (B±y−z unstable
solutions) and semi-transverse rolls (B±y stable solutions) whose axis of rotation
has a component in the direction of Θ. These solutions, which emerged from the
trivial solution at P1 for θ = 0◦ , have now merged in pairs to form disconnected
branches above C±y−z . Figure 10 depicts the evolution of the flow structure
with increasing Ra on these branches. The transition between B±y and B±y−z is
clarified in this figure. Indeed, By and B−y on one side and By−z and B−y−z on
another side are also equivalent solutions related by the SPz symmetry (as well
as the SAz symmetry).

Bifurcation analysis of natural convection in a tilted cubical cavity
4400

5000

6000

8000

9.4219

12.0081

15.3705

20.6350

9.0671

11.1950

14.0375

18.1929

9.4219

12.0081

15.3705

20.6350

9.0671

11.1950

14.0375

18.1929

671

By–z

ble

Unsta

Saddle point

Stabl

e

By

Cy–z

z
x

y
B–y–z

ble
Unsta

Saddle point

C–y–z

Stabl
e
B–y

F IGURE 10. Evolution of the stable solutions B±y and unstable solutions B±y−z after
the saddle-node bifurcation points C±y−z (see figure 7). The vertical velocities u on the
midplane (x = 1/2) are shown at different Ra. The semi-transverse stable rolls B±y are
linked to the semi-diagonal unstable rolls B±y−z through C±y−z .

The points mentioned above describe the effects of a slight θ on the stability
of the system around P1 . Two-dimensional methods (e.g. Cliffe & Winters 1986;
Bergeon et al. 1999) cannot predict these results. Let us summarize these findings.
First, the trivial no-flow solution is replaced by a leading branch consisting of rolls
favoured by Θ commencing at Ra → 0. Second, the branch that is unfavoured
by Θ is disconnected and stabilized at a bifurcation where semi-diagonal unstable
rolls emerge with their axes of rotation having a component opposite to Θ. Third,
semi-transverse and semi-diagonal rolls, whose axes of rotation have a component
in the direction of Θ and which are stable and unstable, respectively, exist after the
saddle nodes C±y−z . Note finally that the solutions on B−z and Bz (transverse rolls)
have all of the symmetries of the tilted situation, whereas the solutions on B±y+z and
B±y(−z) (semi-transverse or semi-diagonal rolls) only kept the central symmetry.
4.2. Four-roll and diagonal-roll solutions
In § 3 we showed that for θ = 0◦ there are two types of flow patterns that
are unstable just after emerging from a primary bifurcation but are stabilized at
secondary bifurcations. These solutions are the two four-roll solutions and the four
diagonal-roll solutions, the former being stabilized at Rac (S1 B3 ) ≈ 9521 and the latter
at Rac (S1 B2 ) ≈ 73 588.
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F IGURE 11. Bifurcation diagram of the four-roll solutions inside a cubical cavity (Pr =
5.9) inclined by the angle θ = 0.1◦ for the range Ra 6 15 000. The horizontal velocity
w1 at a representative point is plotted as a function of Ra. See figure 3 for the notation.
The light grey curves are the solutions calculated in the horizontal case (see figure 5).
±y
−z
z
The insets show the flow at CR4
, CR4 , SR4
, and at Ra = 15 000 for the plotted branches.
The relation between the different solutions is indicated. The bifurcation diagram has been
obtained for the BR4− branch, but a similar diagram can be plotted for BR4+ .

Figure 11 shows the bifurcation diagram focused on the four-roll solutions related
to the branch BR4− when the cavity is tilted by θ = 0.1◦ . The branches calculated for
θ = 0◦ , which are shown and labelled in figure 5, are plotted in light grey to ease
the comparison. We can see in this figure that the stable branches in the horizontal
and slightly tilted cases are very close together, except for the anomaly around the
−z
−z
saddle-node bifurcation point CR4
. The values of Rac corresponding to CR4
are listed
◦
◦
in table 4 for θ = 0.01 and 0.1 . As in the previous figures, the insets in figure 11
bring into light the evolution of the solutions along the branches. Note that the minus
sign ‘−’ in the subscript R4− is omitted for the sake of clarity. The reader should
bear in mind that there is another four-roll solution (with the subscript R4+) with the
same stability properties.
These results show that the stable four-roll solution branches, which in the
horizontal case were stabilized at S1 BR4± , are now disconnected when the cavity is
slightly tilted. The disconnected stable branch starts from the saddle-node bifurcation
−z
point CR4
. The unstable solutions V −z , which are favoured by the inclination, are
−z
linked to the stable branch through CR4
. Special attention must be paid to this
saddle-node point, since it represents the lower limit in Ra for the stable four-roll
z
solutions. Moreover, it is interesting to note that the bifurcation points SR4
are on what
appears to be a ‘secondary’ leading branch that starts from the secondary bifurcation
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TABLE 4. Shift of the critical Rayleigh number Rac of the bifurcation points related to the
stable solutions (Pr = 5.9) from the horizontal case (θ = 0◦ ) to the slightly titled case (θ =
0.01◦ and 0.1◦ ). See figures 6 and 13 to identify the bifurcation points in the horizontal
and tilted cases, respectively.

point S2 . However, in contrast to the leading branch B−z shown in figure 7, this
‘secondary’ leading branch is unstable and unfavoured by the inclination, as indicated
z
. This is because S2 is now on the disconnected branch Bz ,
by the flow structure at SR4
which consists of weak rolls with the rotation vector in the opposite direction to Θ.
Figure 11 also shows that the four-roll solutions V −y and V −y−z are linked by
y
−y
the saddle-node point CR4 , while V y and V y−z are linked by CR4 (even though this
saddle-node point appears to be on the branch BR4 , this is not the case). Note finally
that the stable solution and the solutions on V ±z have kept the SAz symmetry, whereas
the other solutions have no more symmetries.
Concerning the diagonal-roll solutions, figure 12 shows the bifurcation diagram
describing the transition between the solutions B−y−z around the pitchfork bifurcation
S1 B2 in the horizontal case (θ = 0◦ ) and the corresponding semi-diagonal solutions in
the slightly inclined case (θ = 0.1◦ ). The same as for the four-roll solutions shown
in figure 11, the stabilizing steady bifurcation point is transformed from a pitchfork
bifurcation in the horizontal case to a saddle node in the slightly inclined case
and the stable solutions (which have now lost their main symmetries and only kept
the central symmetry) are on one of the branches emerging at the saddle-node point
C1 B+
2 . Again, the reader should bear in mind that there are four diagonal-roll solutions
(semi-diagonal-roll solutions for θ 6= 0◦ ). Both B−y−z and By−z have a component in
the same direction as the inclination vector Θ and, therefore, the resulting saddle
node in the inclined case can be written as C1 B+
2 (the ‘+’ in the superscript indicates
that these diagonal rolls are favoured by the inclination). On the other hand, the
diagonal-roll solutions B−y+z and By+z have their rotation vector with a component
opposite to Θ and, therefore, the saddle-node point at which these stable branches
commence can be written as C1 B−
2 (the ‘−’ in the superscript indicates that these
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F IGURE 12. Bifurcation diagram describing the transition between the solutions related
to the diagonal solutions in the horizontal case (θ = 0◦ ) and the solutions related to the
semi-diagonal solutions in the slightly inclined case (θ = 0.1◦ ). The results presented here
concern the B−y−z branch. The velocity u1 is plotted as a function of Ra. See figure 3
for the notation. The insets show the flow transition between the horizontal and slightly
inclined cases.
−
diagonal rolls are unfavoured). The values of Rac corresponding to C1 B+
2 and C1 B2
◦
are listed in table 4 for θ = 0.01 and 0.1 .

4.3. Symmetry breaking of the transverse flow patterns for Ra 6 150 000
In figure 7, we showed the effect of a slight inclination on the stability of the system
around the first instability threshold P1 . However, as shown in figure 6, there are
secondary (S1 B1 ), tertiary (S1 B11 ) and Hopf (H1 B111 and H2 B111 ) bifurcations at higher
Rayleigh numbers. The stable solution ranges shown in table 3 are of great importance
and, thus, they need to be calculated for θ 6 = 0◦ .
The continuation procedure is extended to the range Ra 6 150 000 for the slightly
inclined case. Figure 13 shows the calculation results, where the solutions depicted
at Ra = 8000 in the insets of figure 7 are used as initial guess in the numerical
procedure. Only the disconnected branch that evolves from the saddle-node point
C1 By1 was calculated by using the stable solution at θ = 0◦ and for large Ra as
initial guess. Note that some branches in figure 13 are totally or partly omitted: the
semi-diagonal solutions B±y±z with unchanged instability properties until Ra = 150 000,
the solutions B−y which have the same stability properties as By , and the disconnected
stable four-roll (see figure 11) and semi-diagonal-roll (see figure 12) solutions which
remain stable for this range of Ra. The eigenfunctions involved in the important
bifurcations are shown in the grey-background insets (the white-background insets
depict the flow).
In figure 13, the leading branch B−z , the disconnected branch Bz and the
semi-transverse disconnected branch By are shown with their corresponding derived
branches. Note first that the bifurcation at S1 By1 (which lead to asymmetric solutions
for θ = 0◦ ) has disappeared because, with the tilt, the stable solution emerging at S1 By
has already lost all symmetries. We then have a stable leading branch, which is the
continuity of the branch emerged at S1 By and a stable disconnected branch above a
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F IGURE 13. Bifurcation diagram in the range Ra 6 150 000 for the solutions related to
the first instability threshold P1 in a cubical cavity tilted by θ = 0.1◦ (Pr = 5.9). This
figure is an extension of the results shown in figure 7. The four-roll solutions are omitted
in this bifurcation diagram. The semi-diagonal-roll solutions B±y±z and the semi-transverse
solutions B−y are omitted for Ra > 50 000.

saddle-node point C1 By1 , a souvenir of S1 By1 obtained for θ = 0◦ . It is also interesting
to note that the secondary bifurcation points (S1 B−z , S1 Bz and S1 B±y ) and the tertiary
bifurcation points (S1 B−z1 , S1 Bz1 and C1 B±y1 ) that were originally at S1 B1 and S1 B11 ,
respectively (see figure 6), have now shifted in the Ra domain. The same occurs for
the Hopf bifurcation points. In table 4 the shift of the critical Rayleigh numbers Rac
corresponding to the bifurcations related to the stable solutions is listed. The shift
is generally positive, but can also be negative, particularly for the bifurcation points
related to the Bz branch.
Note that, in order to ease the comparison between figures 6 and 13, the notation of
the bifurcation points for the tilted case (figure 13) is based on their position relevant
to the horizontal case (figure 6). In fact, the Hopf bifurcation H1 B±y11 for θ 6 = 0◦
is no longer on a tertiary branch (but on a secondary branch) since the pitchfork
bifurcation S1 B11 is transformed into a saddle node C1 B±y1 on a disconnected branch
due to the slight inclination. Moreover, the effect of the slight tilt is more prominent
at higher Ra. For example, the stable range after the stabilizing Hopf bifurcations
H2 B±y11 and H2 Bz11 (before C1 B±y11 and C1 Bz11 , respectively) has been largely reduced.
Furthermore, the unstable part of the branches B±y after the pitchfork bifurcations
S1 B±y is now quite deformed, with two turning points before its stabilization at the
pitchfork bifurcation S2 B±y .
At this point, even though the bifurcation diagrams at θ = 0 and 0.1◦ have been
determined, the transition between these two states is still unclear. Moreover, we
need to calculate the critical Rayleigh number of these bifurcation points at steeper
inclinations in order to clarify the different stable regimes for θ > 0◦ .
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F IGURE 14. Effect of small inclinations θ on the stability of the system near the
primary instability threshold P1 . The vertical velocity u1 is plotted as a function of Ra.
(a) Bifurcation diagrams for the branches B−z and Bz ; the other disconnected branches are
omitted. The solid and dashed lines indicate the stable and unstable solutions, respectively.
(b) The trajectory of the saddle-node bifurcations Cz , C±y−z , and bifurcation point Sz with
an increasing inclination. These points evolve from P1 found at θ = 0◦ . The angle at which
the bifurcation points reach Ra = 5000 is indicated.
5. Evolution of the stable solutions as a function of the tilt

In this section, we first discuss the trajectory of the bifurcation points (pitchfork,
saddle-node and Hopf) in the Ra − θ parameter space for slight and larger inclinations.
Then, stability diagrams are presented in order to clearly describe the different stable
regimes.
5.1. For slight inclinations
Figure 14 shows the effect of slight inclinations on the bifurcation diagram. The
deformation of the leading branch B−z and the disconnected branch Bz is shown in
figure 14(a) as θ is increased. The results indicate that the stable solutions on the
leading branch become predominant at steeper θ , as stable strengthening flows can
be obtained from Ra = 0. In figure 14(a), the saddle-node bifurcation Cz and the
stabilizing bifurcation Sz are tracked for angle increments of 1θ = 0.5, 0.1, 0.01 and
0.001◦ . It is clear that not only the saddle-node point Cz , but also the stabilizing
bifurcation Sz , emerge from the primary bifurcation P1 initially found at θ = 0◦ .
Figure 14(b) shows the trajectory of the saddle-node bifurcations Cz , C±y−z , and the
pitchfork bifurcation Sz . Here C±y−z reach Ra = 5000 at θ ≈ 0.19◦ , indicating that
these bifurcations are strongly dependent on the tilt; Sz and Cz reach Ra = 5000 at
θ ≈ 0.64 and 5.08◦ , respectively. Even though Cz has a relatively weak dependence
with θ, this saddle-node bifurcation is surrounded only by unstable solutions and,
therefore, is of less importance than Sz and C±y−z , which determine the limit of
existence of the stable solutions.
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F IGURE 15. Trajectory of the critical Rayleigh numbers Rac in the range θ 6 0.1◦ for the
stable branches emerging at P1 for θ = 0◦ . Here S, C and H stand for secondary pitchfork,
saddle-node and Hopf bifurcations, respectively. The locus of these bifurcations is plotted
as a function of Rac and θ around (a) P1 , (b) S1 B1 , (c) S1 B11 , S1 B2 and (d) H1 B111 , H2 B111 .
The dotted, dashed and solid lines represent the bifurcation points related to zero, one
and two stable flow patterns, respectively. The black lines are those bifurcations related
to the −θ rolls (disconnected branch starting at the saddle-node Cz ); the dark grey lines
are those bifurcations related to the θ rolls (leading branch); the light grey lines are
those bifurcations related to semi-transverse and semi-diagonal rolls (evolving from C±y−z )
whose axis of rotation have a component in the direction of Θ. In (c), the bifurcations
emerging from S1 B2 are plotted with different grey scale to distinguish the similar but
−
different trajectories of C1 B+
2 and C1 B2 .

The bifurcation diagrams prove to be very useful when describing the stability of
the system at a fixed θ, as can be seen in figure 13. When considering an inclination
range, however, bifurcation diagrams are not so useful since the branches overlap
resulting in overcrowded figures. One possibility is to describe the stability of the
system by tracking the bifurcation points as a function of Ra and θ, and then plot
these trajectories in the Ra − θ parameter space.
Figure 15 shows the locus of the bifurcation points as a function of Ra and θ in the
range θ 6 0.1◦ around the (a) primary P1 , (b) secondary S1 B1 , (c) tertiary S1 B11 and
secondary S1 B2 and (d) Hopf H1 B111 , H2 B111 bifurcation points. The evolution of these
points in the range 0◦ 6 θ 6 0.1◦ is now clear (the limiting values are listed in table 4).
For example, figure 15(a) is the projection of the values shown in figure 14 onto
the Ra − θ plane, representing the loci of the three bifurcations that emerge from P1 .
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The cusp over this narrow range of angles is evident for Cz , Sz and C±y−z . The result
for Cz has a qualitative agreement with that reported by Cliffe & Winters (1984).
However, the cusp for Sz and C±y−z had not been reported because these points were
not obtained in their two-dimensional calculations. In addition to the cusp of C±y−z ,
the subsequent bifurcations S1 B±y and C1 B±y1 also exhibit a cusp, with dRa/dθ → 0 at
θ → 0◦ for the former and dRa/dθ → ∞ at θ → 0◦ for the latter. In contrast, except
for the cusps at P1 , the trajectory of the bifurcations related to the θ rolls and −θ
rolls are smooth lines, as shown in figure 15(b–d).
Since there are four stable transverse solutions emerging from P1 in the horizontal
case (see figure 4), then four trajectories should evolve from each secondary
bifurcation related to these branches when the cavity is slightly tilted. Nevertheless,
one edge of the cavity is kept horizontal and, hence, the solutions related to C±y−z
belong to the same flow pattern, i.e. their loci overlap in the Ra − θ domain. Three
trajectories are then obtained evolving from each secondary bifurcation at θ = 0◦ ,
as shown in figure 15. Furthermore, as mentioned in § 4.2, there are four unstable
semi-diagonal roll solutions, which form two pairs that are similarly influenced by
the inclination, i.e. B±y−z which are favoured by Θ and B±y+z which are opposed
to Θ. Therefore, two loci evolve from S1 B2 , as shown in figure 15(c). In the case of
the four-roll solutions, two branches with the same flow pattern evolve from P2 in
the horizontal case. These solutions are similarly influenced by the inclination and,
−z
overlap (see figure 16).
therefore, the loci of CR4±
5.2. For larger inclinations
The locus of the bifurcation points directly related to stable solutions (the bifurcation
points are shown in figures 7 and 11–13 for θ = 0.1◦ ) is calculated as a function of Ra
and for increasing θ until the calculation stops when even a very small increase of θ ,
1θ , cannot afford convergence (this generally occurs when dRac /dθ → ∞). Figure 16
shows the calculation results in the range θ < 7◦ and Ra 6 110 000. These results are
of great importance because they show the ranges for the different stable regimes. The
loci are plotted using three line styles (solid, dashed and dotted) with different grey
scales (black, dark grey and light grey). The solid lines indicate the transition from
one stable flow pattern to another through a pitchfork bifurcation S; the dashed lines
indicate the transition between an unstable flow pattern and a stable flow pattern, or
vice versa, through pitchfork S or saddle-node C bifurcations; the dotted lines indicate
the transition between two unstable flow patterns. In figure 16, only the loci of Sz and
S1 Bz after a critical angle, as well as the locus of Cz , are unrelated to stable solutions.
The dashed lines belonging to the Hopf bifurcations represent a transition between a
stable steady state and a periodic solution. Furthermore, all saddle-node bifurcations
in this plot are supercritical and, therefore, for an increasing Ra at constant θ there
is one stable solution above the locus of C in figure 16 (except for Cz ).
(i) Existence range of stable θ-roll solutions. As the pure θ rolls are stable for
0 6 Ra 6 Rac (S1 B−z ), the less-symmetric bifurcated θ rolls are stable for
Rac (S1 B−z ) 6 Ra 6 Rac (S1 B−z1 ) and the non-symmetric θ rolls are stable for
Ra > Rac (S1 B−z1 ) (except between the lines related to H1 B−z11 and H2 B−z11 ), the
increase of Rac with θ for S1 B−z and S1 B−z1 (solid lines, dark grey trajectories)
indicates that the leading branch of θ rolls is favoured by the inclination. This
result is rather expected following the limiting case of a cavity heated from the
sides (θ = 90◦ ) where only one stable solution of θ -roll type exists at a given
Ra before the oscillatory state. Moreover, the secondary bifurcation point S1 B−z
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F IGURE 16. Stability diagram in the Ra − θ domain for the bifurcation points directly
related to stable solutions and found in figures 7, 11, 12 and 13. The values of Rac
corresponding to the saddle-node C, secondary S and Hopf H bifurcations are plotted
as a function of θ for Pr = 5.9 in the range Ra 6 110 000. The open circles indicate
the angles where a group of solutions ceases to exist, e.g. θzcri ≈ 4.68◦ and θ±ycri ≈ 2.27◦ .
Refer to figure 15 for the notations corresponding to the line styles and grey scales. Note
−z
that light grey lines are also used here for the locus of CR4±
related to the four-roll
solutions.

reaches dRa/dθ → ∞ at θBcri ≈ 24.461◦ and Ra > 3 × 106 (outside the ranges of
figure 16). Therefore, the transition between the more complex Rayleigh–Bénard
convection and the simpler heated-from-the-sides configuration could be defined
at this critical angle. Our main interest here is in describing the dynamics of the
system before θBcri , particularly for the different disconnected branches.
(ii) Existence range of stable −θ-roll solutions. Concerning the solutions opposite to
the inclination (−θ rolls, black lines), the stable solution region between Sz and
H1 Bz11 decreases with increasing tilt until disappearing at the critical angle θzcri ≈
4.68◦ at Ra ≈ 37 698, as revealed by the stability diagram of figure 16. The stable
solutions above H2 Bz11 are expected to disappear at the critical angle θc ≈ 0.8◦ .
This means that the stable −θ rolls are not only unfavoured by θ , as shown in
figure 16, but are also ultimately annihilated at this inclination threshold θzcri . It
is interesting to find that the locus of the bifurcation points Sz , S1 Bz , S1 Bz1 and
H1 Bz11 simultaneously converge at the critical angle θzcri . The unstable −θ rolls,
in contrast, disappear at a larger inclination, when the saddle-node bifurcation Cz
reaches dRac /dθ → ∞ at θc ≈ 17.46◦ .
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(iii) Existence range of stable B±y solutions. Concerning the stable solutions that
emerge from the solutions consisting of ±y rolls at θ = 0◦ (shown in light
grey in figure 16), the locus of the saddle-node bifurcation point C±y−z , the
pitchfork bifurcation S1 B±y , and the Hopf bifurcation H1 B±y11 , have the steepest
increase dRa/dθ at the critical angle θ±ycri ≈ 2.27◦ around Rac ≈ 84 300. The
collision of these trajectories suggest that there is no stable solution beyond
this inclination. The way this collision occurs, however, also suggests that these
bifurcation points may come back to a lower θ and lead to some yet unrevealed
dynamics in a weakly tilted cavity. In an attempt to clarify this, the loci of
bifurcation points found at higher Ra than H1 B±y11 , e.g. H2 B±y11 , were calculated
expecting a collision with C±y−z , S1 B±y and H1 B±y11 at θ±ycri ; in addition, the
stable solutions near θ±ycri were used as initial guess (with perturbations or
not) to try to find such solutions just above the collision point. These attempts,
however, were unsuccessful, so that there is no evidence of stable solutions
above the critical point (the dynamics of the system just before the collision
is further described in figure 19). On the other hand, the saddle-node C1 B±y1 ,
which limits a disconnected branch, increases with θ, disappearing at the critical
angle θc ≈ 2.01◦ for Ra > 250 504 (outside the range of figure 16).
(iv) Existence range of stable four-roll and diagonal-roll solutions. Finally, concerning
the stable four-roll and diagonal-roll solutions that emerge for θ = 0◦ from S1 B3
−z
and C1 B±
and S1 B2 , respectively, the loci of the saddle nodes CR4±
2 that limit their
◦
existence for θ 6= 0 are also plotted in figure 16. For the four-roll solutions, the
−z
−z
coincide, becoming very steep (dRac /dθ → ∞) at
and CR4−
trajectories of CR4+
+
◦
θR4cri ≈ 11.18 . For C1 B2 and C1 B−
2 , on the other hand, the trajectories are slightly
+
different (see figure 15c) becoming very steep at θD1
≈ 2.16◦ (Rac > 326 565) and
−
◦
θD1 ≈ 1.68 (Rac > 252 717), respectively. Again, the rolls which are unfavoured
by the inclination disappear more quickly than the rolls favoured by it.
5.3. Dynamics of the −θ-roll solutions around θzcri
A complex dynamics is involved for the −θ rolls at θzcri ≈ 4.68◦ where different
bifurcation points collide. To better understand this dynamics, bifurcation diagrams
at inclinations just before (θ = 4.5◦ ) and after (θ = 5◦ ) this critical angle will be
calculated. These diagrams are intended to depict the stability of the system just
before and after the presumed disappearance of the stable −θ rolls.
Figure 17(a) shows the bifurcation diagram at θ = 4.5◦ in the range Ra 6 55 000.
These results indicate that at θ = 4.5◦ (i) the leading branch B−z is predominant for
−z
this range of Ra, (ii) there is a significant shift for CR4±
to a higher Ra (visible for
R4− in this figure), and most importantly (iii) the range of existence of the −θ-roll
solutions is significantly reduced in comparison with the case of θ = 0.1◦ . Figure 17(b)
shows a close-up of the stable −θ-roll solution branches. These results show that the
stabilizing pitchfork bifurcation Sz shifts towards a higher Ra, while the destabilizing
Hopf bifurcations shifts towards a lower Ra. All of the solution branches that emerge
from the pitchfork bifurcations at S1 Bz and S1 B±
z1 are shown in figure 17 (only one
was plotted in figure 13). These bifurcations are expected to simultaneously collide
at θzcri ≈ 4.68◦ for Pr = 5.9. Finally, the solutions that emerge from the saddle-node
point C±y−z have already disappeared at θ±ycri ≈ 2.27◦ and, therefore, they no longer
exist in the bifurcation diagram shown in figure 17.
In figure 17(a), two interesting interconnections between the branches are observed;
these are depicted in the sketch shown in figure 17(c). In the first interconnection,
the two stable branches that emerge from S1 Bz are destabilized once at S1 Bz1 , then
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F IGURE 17. Dynamics of a fluid (Pr = 5.9) inside a tilted cubical cavity at θ = 4.5◦ ,
depicted by the bifurcation diagram for (a) Ra 6 55 000, (b) the stable range of
the Bz solutions and (c) a sketch indicating the relation between the solutions. In
(a,b), the vertical velocity u2 at a representative point inside the cavity (x2 , y2 , z2 ) =
(0.9, 0.652, 0.652) is plotted as a function of Ra. The grey lines are used to distinguish
the branches that evolve from S1 B−
z1 . The flow at different points is indicated by the
white background insets. The grey background insets indicate the eigenfunction at the
bifurcations Sz and S1 Bz . In (c), the number of equivalent solutions is given inside
parentheses and the non-represented branches are indicated by ×. A precise calculation
of the pitchfork bifurcation on the branches initiated from S3 was not conducted (since
it was not necessary) and, therefore, it was omitted in both (a) and (c) (this bifurcation
exists in the range 10 000 < Ra < 15 350).
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F IGURE 18. Bifurcation diagram of a fluid (Pr = 5.9) inside a tilted cubical cavity at
θ = 5.0◦ for Ra 6 50 000. The stable solutions on the Bz branch completely disappear
after the bifurcation points S1 Bz and Sz have crossed each other at θzcri ≈ 4.68◦ . The only
stable solutions remaining after the critical angle are those on the branches B−z and B−z
R4± .

these unstable branches develop passing through a turning point C (saddle node),
and they finally both arrive at S3 forming the closed loop S1 Bz ⇔ S3 , with an
interconnection with S1 Bz along the Bz branch passing through S2 , Cz and Sz . In
the second interconnection, the four stable branches that emerge from S1 Bz1 are
destabilized at the Hopf bifurcations H1 Bz11 and they finally arrive at S1 B±y+z forming
two closed loops S1 Bz1 ⇔ S1 B±y+z , with again an interconnection with S1 Bz1 along
three different branches passing through Sz and S1 Bz . Note that the superscripts in
figure 17(c), e.g. ‘++’, are used to differentiate equivalent bifurcations. Moreover, the
Hopf bifurcations H1 Bz11 (they are four) delimit the stable −θ-roll solutions, which
are depicted at this limit Ra in the insets of figure 17(b).
Figure 18 shows the bifurcation diagram at θ = 5◦ . From this figure, it is clear
that the secondary bifurcation points Sz and S1 Bz on the disconnected branch Bz have
crossed each other, resulting in the disappearance of the stable −θ-roll solutions. The
crossing of Sz and S1 Bz has occurred at the critical inclination angle θzcri ≈ 4.68◦ . At
θ = 5◦ , there are two types of stable solutions: (i) those belonging to the leading
branch (B−z branch, θ rolls); and (ii) two symmetrical four-roll stable solutions (only
one of the solutions is plotted in the figure). Furthermore, the results at θ = 5◦ indicate
that the collision of Sz and S1 Bz results in the disappearance of S1 Bz1 and seemingly of
the whole interconnection passing through H1 Bz11 . In contrast, the unstable branches
that emerge from S1 Bz are still directly connected to the secondary bifurcation point
S3 forming a closed loop, with a similar interconnection along the Bz branch as for
θ = 4.5◦ .
In addition, S1 B±y+z found in figure 17 for θ = 4.5◦ were not observed for the slight
tilt θ = 0.1◦ in the range Ra 6 150 000; remember that the unstable branches B±(y+z)
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2.27◦ . See figure 2 for the line type notation. The stable solution branches belong to two
closed loops just before the collision of the bifurcation points at θ±ycri .

and B±(y−z) were omitted in figure 13 because no bifurcation points were found for
these branches in this range. Therefore, the loci of the bifurcations S1 B±y+z were not
investigated (not plotted in figure 16). Nevertheless, the bifurcation diagram shown in
figures 17(a) and 18 suggest that S1 B±y+z also collide with Sz , S1 Bz , S1 Bz1 and H1 Bz11
at the critical angle θzcri .
5.4. Dynamics of the B±y solutions just before θ±ycri
Another interesting collision that is worth investigating in more depth is the one that
occurs at θ±ycri ≈ 2.27◦ for the bifurcation points belonging to the B±y branches (±y
rolls at θ = 0◦ ) and their derivatives. Figure 19 shows the bifurcation diagram at
θ = 2.2◦ (just before the collision at θ±ycri ), focusing on the solutions that evolve
from the saddle-node point Cy−z . It is interesting to see that the solutions in this
bifurcation diagram belong to two closed loops strongly interconnected (at S1 By and
S1 By−z ), i.e. (i) Cy−z → S1 By → C → S1 By−z → Cy−z and (ii) S1 By → H1 B+
y11 → S1 By−z →
−
H1 By11 → S1 By , each with a stable and unstable part. Note that the subcritical pitchfork
bifurcations S1 B±y−z are only linked to unstable solutions and, therefore, their loci is
not plotted in figure 16. Moreover, the two complex conjugate eigenvalues getting a
positive real part at the Hopf points H1 By11 become real by collision on the real axis
at Ra ≈ 89 000, close before the pitchfork bifurcation point S1 B±y−z . Furthermore, from
the comparison with figure 7 we see that the position of the solutions emerging from
Cy−z has changed in figure 19, the stable By solution being now on the upper branch.
The insets of figure 19, as those of figure 17(b), show that near the collision at a
critical angle the flow structure on the different stable branches is almost identical.
5.5. Stable solution diagram
In § 5.2, the stability diagram presented in figure 16 has shown the trajectories of
the bifurcations that evolve from P1 , S1 B2 , S1 B3 , and from the interesting bifurcation
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points on all of the derived branches, providing a thorough description of the stability
of the system in the Ra − θ parameter space. In such a stability diagram, we can find
the Ra − θ regions where diverse stable solutions exist. However, numerous trajectories
make it difficult to identify the various stable regimes. In order to make a clearer
description of the stability of the system, we filter the results shown in figure 16
and propose the stable solution diagram. In this diagram, we only plot the locus
of the bifurcation points where stable solutions emerge for a certain solution group.
We then identify the different stable regimes with their corresponding flow patterns
and label them. Figure 20(a) shows the stable solution diagram for the ±θ-roll
solutions, i.e. those solutions on B∓z . Figure 20(b) shows the stable solution diagram
for the solutions whose rolls initially have their axes of rotation perpendicular to Θ,
i.e. those rolls on B±y . In figure 20(a,b), the grey background indicates the zones
where stable solutions exist, whereas the white background corresponds to the zones
where the stable solutions are non-existent for the corresponding solution group. The
stable solution diagram for the semi-diagonal-roll and four-roll solutions can easily
−z
be deduced from figure 16, above the C1 B±
2 lines and the CR4± line, respectively.
In figure 20(a), the black lines and thick dark grey lines indicate the loci for the
bifurcation points related to Bz and B−z , respectively. Different stable regimes can
be identified between these lines. These lines also intersect and determine zones,
which correspond to one or more stable regimes and are labelled. For each zone,
the corresponding flows are sketched in the tables within figure 20. Note that these
sketches only show one representative of the flow pattern solution. The number of
stable solutions corresponding to each flow pattern is indicated within the sketch.
Zone 1 in figure 20(a) corresponds to the θ rolls before the secondary bifurcation
S1 B−z , whose locus evolves as dRac /dθ → ∞ at θBcri ≈ 24.461◦ . This means that the
solutions in Zone 1 are the only stable solutions that exist after tilting the cavity by
θ > θBcri . As a consequence, Zone 1 also corresponds to the stable steady solutions
found in the limiting case of θ = 90◦ , i.e. the heated-from-the-sides configuration.
These θ rolls can coexist with stable flow patterns coming from the −θ rolls in
Zones 4, 5 and 6. These patterns, however, only exist for angles θ < θzcri and are
on disconnected branches. They can then be naturally avoided if following the path:
Zone 1 → Zone 2 → Zone 3, which leads successively to the different flow patterns
coming from the θ rolls, i.e. Bz → Bz1 → Bz11 . Zone 10 exists for the very small
inclination range, θ < 0.0776◦ , and corresponds to the zone where there are no steady
solutions. Zone 9 is the zone with the larger number of stable solutions (eight stable
solutions), if considering all solutions for each flow pattern. This zone is fragmented
due to the oscillatory region between H1 B111 and H2 B111 . In the quasi-horizontal case,
i.e. θ → 0◦ , for values of the Rayleigh number taken from Ra → 0 to Ra = 110 000,
the stable solutions belong to the Zones 1, 4, 7, 9, 10 and 9 which have one, two,
four, eight, zero and eight stable solutions, respectively.
The stable solution diagram shown in figure 20(b) accounts for the disconnected
branches related to the semi-transverse rolls B±y ; only By is sketched in the table
for (b) since B−y can be obtained from By through the plane symmetry SPz . It is
interesting to note that the locus of the saddle node evolving from S1 B11 , i.e. C1 B±y1 ,
has a positive slope throughout its evolution. Furthermore, the slight inclination has
eliminated the Hopf bifurcations H1 B111 and H2 B111 for this disconnected branch
starting from C1 B±y1 (see figure 13). In contrast the loci of the solutions evolving
from P1 , S1 B1 and H1 B111 converge at θ±ycri ≈ 2.27◦ . The upper Zone A corresponds
to the solutions stabilized at the bifurcation point S2 B±y . Zone E corresponds to the
zone where the stable solutions for this group do not exist. Moreover, Zone C has
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F IGURE 20. Stable solution diagram (Pr = 5.9). The stable solutions are given in the
Ra − θ domain for Ra 6 110 000. (a) The group of solutions B∓z consisting of stable
±θ -roll solutions, and (b) the group of solutions B±y consisting of stable semi-transverse
rolls issued from the ±y rolls. The flow patterns found in (a) and (b) are shown in the
adjacent table as the sketch of the velocity u on a yz-midplane (x = 1/2), with the grey and
white regions representing positive and negative u, respectively. For each flow pattern, the
number of equivalent stable solutions is indicated by the number inside the flow pattern.

the largest number of stable solutions for this group (eight stable solutions), if we
consider all stable solutions for each flow pattern.
Note that the trajectory of the bifurcation point evolving from H2 B111 is inconclusive,
so that Zone C is not clearly defined. The reason is that the calculations for this
Hopf bifurcation point suddenly stopped to converge at some inclination angle. This
could suggest that there has been a collision with another bifurcation point.
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6. Conclusions

In this study, we have conducted a three-dimensional bifurcation analysis of natural
convection inside a tilted cubical cavity. The enclosure is tilted by an angle θ ,
keeping an edge on the horizontal plane. The lateral sidewalls are set adiabatic and
two opposite walls are set isothermal with the lower isothermal wall at a higher
temperature than the upper. The cubical geometry was chosen because it presents
interesting symmetries leading to multiple flow patterns and was thoroughly studied
in the horizontal case. In this study, we investigated in detail the influence of the
tilt on these multiple flow patterns. We first emphasized the modifications induced
by a slight tilt, and then studied the flow dynamics at larger angles, putting into
light the different steady solutions which exist in the whole domain extending from
the more complex Rayleigh–Bénard convection to the simpler heated-from-the-sides
configuration.
The continuation method used for this study was first validated by reproducing
the work of Puigjaner et al. (2004) for a horizontal cubical cavity filled with air
(Pr = 0.71). A good agreement with their work was obtained. The method was
then applied to study convection inside a cavity filled with water (Pr = 5.9 at
T ∗ ≈ 27 ◦ C). The horizontal situation was first considered, serving as a reference
case for comparisons with tilted situations. Three types of stable solution branches
were found in this horizontal situation: those that consist of transverse rolls emerging
from the first primary bifurcation (P1 ) and leading to secondary and tertiary branches
above pitchfork bifurcations (S1 B1 and S1 B11 , respectively), the diagonal-roll solutions
beyond a secondary stabilizing bifurcation (S1 B2 ), and the four-roll solutions beyond
another secondary stabilizing bifurcation (S1 B3 ). Due to the multiple symmetries,
a degeneracy of the solutions occurs, for example at P1 for the transverse-roll
and diagonal-roll solutions with different orientations and at S1 B3 for the four-roll
solutions. Moreover, an interesting narrow zone (between H1 B111 and H2 B111 ) was
found where stable solutions related to the transverse-roll solutions are non-existent
and, instead, only stable four-roll and diagonal-roll solutions and oscillatory solutions
exist.
Tilted situations were then considered. It was first shown that the slight inclination
θ = 0.1◦ induces many changes in the bifurcation diagram obtained for θ = 0◦ . These
modifications, connected to the symmetry breakings due to the tilt, often correspond to
the breaking of the degeneracies observed for θ = 0◦ . The stable steady solutions are
then on many different branches, often disconnected: a leading branch of transverse
rolls in the direction of the inclination, a disconnected branch of transverse rolls
opposite to the inclination stabilized beyond a secondary bifurcation, and two other
disconnected branches of semi-transverse rolls rather oriented perpendicular to the
inclination, all these branches having their own associated secondary and tertiary
branches. The stable semi-diagonal-roll solutions (of two different types) and the
stable four-roll solutions also appear on disconnected branches.
The important bifurcation points leading to stable solutions have then been
calculated for larger values of θ, allowing us to obtain a thorough stability diagram
in the Ra − θ domain. This diagram provides a comprehensive description of the
stable regimes as a function of Ra and θ. A main result is that the loci of the
secondary bifurcations related to the stable leading branch evolve towards higher Ra
and θ, in accordance with the existence of this leading transverse-roll solution in the
heated-from-the-sides situation, whereas the loci of the other stable solutions related
to disconnected branches converge at critical angles, beyond which they disappear.
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This bifurcation analysis study is the first of its kind to fully address, from the
primary bifurcation to the oscillatory state, the influence of a tilt on the stability of
three-dimensional convective flows inside a cubical enclosure. We have seen that the
main changes induced by the tilt occur in a small range of the inclination angle
(e.g. θ . 4.68◦ for Pr = 5.9) where multiple stable solutions of different types exist.
All of this is a motivation to conduct further experiments on this problem focusing
on small inclination angles.
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