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Abstract
We are interested in determining the origin of the instabilities occurring in a metallic liquid (Prandtl number Pr ¼ 0:026) contained in
horizontal circular cylinders heated from the end-walls. Our approach by direct numerical simulation (DNS) allows the determination of
the transition thresholds for different aspect ratios varying from 1:5 to 10 as well as a precise characterization of the nature and structure
of the new ﬂow regimes close to the thresholds. In order to understand the mechanisms of ﬂow transition, ﬂuctuating energy analyses
close to the threshold have been performed. The main contributions have been determined and localized in the cavity: shear has been
found as the main instability factor but the way it acts is different according to the aspect ratio.
r 2006 Elsevier B.V. All rights reserved.
PACS: 47.20.Bp
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1. Introduction
The control of the hydrodynamic instabilities occurring
in the melt is crucial in material processing technologies
such as crystal growth in order to optimize the quality of
the elaborated crystals. In a differentially heated horizontal
cylinder typical of horizontal Bridgman growth, convection
always exists, but above a critical temperature difference
between the endwalls of the cavity, the ﬂow changes from a
stationary to an oscillatory behavior. This transition could
affect the quality of the grown crystal. Experimental
studies have been carried out to identify the conditions
for the appearance of such oscillations [1–4]. In simpliﬁed
conﬁgurations, namely inﬁnitely extended horizontal layer,
thresholds have been calculated by theoretical approaches
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[5–7], but only few results are available in more realistic
conﬁned three-dimensional situations [8–10]. The more
recent work concerning the oscillatory thresholds in
parallelepidedic cavities by Wakitani [10] shows the
evolution of the critical Grashof number as a function of
the Prandtl number ðPrp0:03Þ and the transverse aspect
ratio which was varied from 0.5 to 4. The critical curves are
found to evolve strongly with both parameters.
The present work investigates natural convection of a
liquid metal in horizontal circular cylinders with differentially heated endwalls. The three dimensionless parameters that characterize the system are the cylinder
aspect ratio, A ¼ L=D, where L is the length and D is the
diameter of the cylinder, the Prandtl number Pr ¼ n=k
where n is the kinematic viscosity of the ﬂuid and k is the
thermal
diffusivity,
and
the
Grashof
number
Gr ¼ agDTD4 =n2 L, where DT is the temperature difference, g is the gravity vector and a is the thermal expansion
coefﬁcient.
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This study will be focused on the detection of the
instabilities and the characterization of their nature and
origin on a large range of aspect ratios varying from 1:5 to
10.
2. Mathematical model
We consider a container ﬁlled with an incompressible
Newtonian ﬂuid and submitted to a horizontal temperature
gradient (Fig. 1). The two ends of the cylinder are assumed
isothermal. One end is held at temperature T h , which is
greater than the temperature T c of the other end, and the
sidewalls are considered to be adiabatic. All the physical
characteristics are taken as constant, except the density
which varies linearly with the temperature in the buoyancy
term, r ¼ r0 ½1  aðT  T 0 Þ (Boussinesq approximation),
where T 0 is the mean temperature (T 0 ¼ ðT h þ T c Þ=2). The
governing equations for the temperature T, the pressure p,
and the velocity u are the Navier–Stokes equations coupled
with the energy equation. By scaling length by the
pﬃﬃﬃﬃﬃdiameter
ﬃ
D of the cylinder, time by D2 =n, velocity by n Gr=D and
by introducing the dimensionless temperature ﬁeld
y ¼ AðT  T 0 Þ=ðT h  T c Þ, the equations can be written in
their dimensionless form as
r:u ¼ 0,

(1)

pﬃﬃﬃﬃﬃﬃ
qu pﬃﬃﬃﬃﬃﬃ
þ Grðu:rÞu ¼ rp þ r2 u þ Gr yey ,
qt

(2)

qy pﬃﬃﬃﬃﬃﬃ
1 2
þ Grðu:rÞy ¼
r y.
(3)
qt
Pr
ey is the unit vector in the vertical y direction.
For the boundary conditions, the no-slip velocity
boundary condition is prescribed at all the container walls,
the temperature is ﬁxed at the endwalls, and along the
lateral wall, the normal heat ﬂux is zero. The governing
equations and the associated boundary conditions verify a
reﬂection symmetry S p with respect to the middle longitudinal vertical Lv -plane and the p-rotational symmetry S a
about the transverse horizontal center T h -axis. The
combination of these two symmetries also gives a
symmetry S c with respect to the center point O of the
cavity. These symmetries are those of the primary steady
ﬂow. When increasing Gr, bifurcations to new steady or
oscillatory ﬂow states may break the symmetries.

Fig. 1. Geometry of the cylindrical cavity and reference frame.
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3. Numerical method
The equations of the problem are discretized in space
with an isoparametric multidomain spectral elements
method based on Gauss–Lobatto–Legendre (GLL) points
distribution. The time discretization is based on a thirdorder mixed implicit–explicit time-splitting scheme using
backwards differentiation [11]. The calculations were
considered as converged if the difference between successive iterations scaled by the ﬁnal values was less than or
equal to 108 . For more details into the speciﬁcs of the
technique, readers are referred to the paper of Touihri et al.
[12] which details the procedures.
For this study, the cylindrical cavity is divided into 12
elements (Fig. 1) and the solution ðu; v; w; p; yÞ in the
Cartesian coordinates ðx; y; zÞ is represented in each
element as a high-order Lagrangian interpolant through
the standard GLL basis for all elements. Tests on the
dependence of the results on both number of grid points
and time-step have been performed. The optimal values of
grid points and time stepping, i.e. those used for computations, which represent a good compromise between
solution accuracy and computational time required, are
assumed as those over which further reﬁnements do not
produce any noticeable modiﬁcation in both the predicted
ﬂows and heat transfer rates. The accuracy of the results
was then checked by calculating ﬁve quantities, which are
the maximum of the velocity components juRmax j, jvmax j and
jwmax j, the Nusselt number, NuR ¼ ð1=SÞ z¼0 ðqT=qzÞ dS,
and the total kinetic energy K ¼ O 12 u2 dO. Different mesh
sizes were used for different aspect ratios. In practice, we
have taken 9  9  nz points per element with nz varying
from 27 for A ¼ 1:5 to 61 for A ¼ 10 (see details in
Tables 1 and 2). The accuracy tests have shown that a
reﬁnement in the ðxyÞ-cross section from 7  7  nz points
to 9  9  nz gives a maximum error equal to 0:3% and
reﬁnement along the z-axis gives a maximum error less
than 0:03%.
For this study, the critical Grashof number was localized
by noting the velocity components and dimensionless
temperature at pre-selected points to see if periodic
oscillations develop. If, for a Grashof number, no
oscillations are detected, its velocity and temperature are

Table 1
Number of mesh points along z, nz, total number of mesh points, N,
critical Grashof number for the ﬁrst steady bifurcation, Grsb , critical
Grashof number for the onset of oscillations, Grc , precision dGrc , and
fundamental frequency, f , for aspect ratios A ¼ 2 and 3
A

2

3

nz
N
Grsb
Grc
dGrc
f

27
21 627
230 000
234 000
250
69.7

43
34 443
155 750
156 500
100
5.12
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Table 2
Number of mesh points along z, nz, total number of mesh points, N, critical Grashof number for the onset of oscillations, Grc , precision dGrc , and
fundamental frequency, f , for aspect ratios A ¼ 1:5 and AX4
A

1.5

4

5

6

7

8

9

10

nz
N
Grc
dGrc
f

27
21 627
930 000
5000
145.7

43
34 443
179 700
100
62.25

49
39 249
275 000
1000
101.1

49
39 249
675 000
1000
436.7

51
40 851
775 000
5000
10.3

55
44 055
925 000
5000
2.3

59
47 259
875 000
5000
11.4

61
48 861
845 000
5000
15.38

Fig. 2. Velocity ﬁelds at steady state in the Lv -plane for A ¼ 1:5; 2; 4, and 10, respectively at Gr ¼ 910 000; 220 000; 170 000, and 750 000 (Pr ¼ 0:026).

used as initial guesses for the next calculation with an
increased Grashof number. This process is repeated until
oscillations are detected, and the lowest Grashof number at
which oscillations are detected is taken as the critical
Grashof number. For some calculations, additional simulations were performed for higher Gr and the amplitudes of
the oscillations were noted. Then the value of Gr obtained
by extrapolation to zero of the amplitudes was used to
accelerate the localization of the transition. Using this
procedure, the value of Grc was determined with a
precision dGrc (the increment in Grashof number close to
the threshold) which is given in Tables 1 and 2 together
with the value of Grc .
4. Results
In Fig. 2 are shown, for A ¼ 1:5, 2, 4, and 10, the plots of
the velocity vectors in the Lv -plane for primary steady
ﬂows obtained in each case slightly below the ﬁrst
bifurcation. It is clear that, as expected, the steady ﬂows
correspond to large convective loops and verify all the
original symmetries of the problem. But we notice
important changes in the ﬂow structure when A is
increased. For A ¼ 1:5, the convective loop appears to be
strongly tilted inside the cavity, and the limit between the

upper and lower reverse ﬂows is almost a straight line close
to the second diagonal of the rectangular section. For A ¼
2 and 4, the ﬂow structure appears quite different. The limit
between the upper and lower reverse ﬂows has rather a S
shape. The ﬂows at both ends of the cavity change their
directions but also move towards the axis determining
pseudo-recirculations in these end regions inside the
convective loop. This phenomenon also induces an
interaction between the upper and lower reverse ﬂows
around the center of the cavity, in a zone whose extend
increases with A. Similar ﬂows are found until A ¼ 6. For
AX7, the ﬂows still look different in the Lv -plane with the
disappearance of a clear S-shaped limit between the upper
and lower reverse ﬂows (see Fig. 2 for A ¼ 10). In fact, for
these cases, the main ﬂow does not occur in the Lv -plane,
but on both sides of this plane, and the end effects do not
affect the center part of the cavity.
Concerning the ﬂow transitions, an oscillatory instability
develops ﬁrst for A ¼ 1:5 and AX4. This instability
generally breaks the symmetries S a and S c except for
A ¼ 1:5, A ¼ 6, and A ¼ 10 where none of the symmetries
are broken. A different behavior is observed for containers
with aspect ratios A ¼ 2 and 3: a steady bifurcation occurs
ﬁrst, before oscillatory convection, and breaks the symmetries S a and Sc . Fig. 3 illustrates this for A ¼ 2 by giving
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they also vary signiﬁcantly with A. Except for A ¼ 3, they
are relatively strong for small and moderate aspect ratios
(Ap6) and weaker for large aspect ratios (AX7).
5. Energy analyses

Fig. 3. Velocity ﬁeld in the Lh -plane for the steady solution obtained
beyond a ﬁrst steady bifurcation for A ¼ 2 (Gr ¼ 230 000, Pr ¼ 0:026).
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Fluctuating energy balances estimated from the numerical results calculated above onset can be used to determine
the physical mechanisms responsible for the stabilization or
the destabilization of the ﬂow. We consider ui ¼ ui þ u0i ,
y ¼ y þ y0 , where ui and y are the time averaged quantities
for respectively the velocity and the temperature, and u0i
and y0 are the ﬂuctuating Rquantities. The rate of change of
kinetic energy qK=qt ¼ O 12 ðqu0i 2 =qtÞ dO is obtained by
multiplying (2) by u0i and integrating over the cylinder
volume O:
qK
¼
qt

Oscillatory

 0 2
Z
pﬃﬃﬃﬃﬃﬃ
qui
qui
 Gr u0i u0j
dO þ 
dO
qx
qx
j
j
O
O
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Fig. 4. Evolution of the critical Grashof number for the onset of
oscillatory ﬂow, Grc , as a function of the aspect ratio A (Pr ¼ 0:026).

where xi (i ¼ 1, 2, 3) respectively refer to x, y and z. In a
similar way, by multiplying the heat equation (3) by y0 and
integrating over O,
the rate of change of thermal
R we obtain
2
energy qY=qt ¼ O 12 ðqy0 =qtÞ dO:
qY
¼
qt

the new solution beyond the steady bifurcation. The
breaking of the symmetry Sa can be viewed as the
displacement of the original symmetry axis T h to a new
position T hb . This steady bifurcation is a supercritical
pitchfork bifurcation. This means that another solution,
symmetric with respect to Sa of that given in Fig. 3 also
exists. With the increase of the Grashof number, a Hopf
bifurcation occurs on these new steady branches, but
without further loss of symmetry. Note that in all the
studied cases, the Sp symmetry is kept at these ﬁrst
transitions.
For A ¼ 2 and 3, Table 1 summarizes the values of Grsb
which is the critical Grashof number for the steady
bifurcation, those of Grc corresponding to the Hopf
bifurcation, and the fundamental frequency f of the
oscillations. In a similar way, Table 2 exhibits the results
for the other aspect ratios (A ¼ 1:5 and 4pAp10) where
only Hopf bifurcation occurs.
Fig. 4 shows the evolution of the critical Grashof
number Grc for the transition to the oscillatory ﬂow with
the aspect ratio A. The thresholds have been found to
strongly vary with the aspect ratio A: by increasing A, they
ﬁrst decrease until A ¼ 3, increase then until A ¼ 8, before
decreasing again for larger A. Concerning the frequencies,

 2
Z
pﬃﬃﬃﬃﬃﬃ
qy
1 qy0
 Gry0 u0j
dO þ 
dO .
qxj
Pr qxj
O
O
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}

Z

E ts

(5)

E td

Note that the rate of change of the total ﬂuctuating kinetic
energy, qK=qt, has three terms E ks , E kd , and E kb which are
respectively the production by shear of the mean ﬂow, the
viscous dissipation and the buoyancy contribution. This
last term is found to be dissipative for all studied aspect
ratios. The rate of change of the ﬂuctuating thermal energy,
qY=qt, has only two terms E ts and E td which are
respectively the production by transport of the mean
temperature gradients and the dissipation by conduction
effects.
As it is clear from Fig. 5 where the behaviors of qK=qt
and qY=qt are exhibited as a function of time for A ¼ 4,
the main production of ﬂuctuating energy is due to the
hydrodynamic effects. This is found to be valid for all the
studied aspect ratios. Therefore, in our analysis of the ﬂow
transition, we will only consider the ﬂuctuating kinetic
energy equation (4). Moreover, as all the signals are time
periodic, we will deﬁne averaged values over a period and
normalize them by the averaged total energy production
due to shear I s ¼ hE ks i. Among the nine contributions of
I s , we note I i ði ¼ 1; 2; 3Þ the time-averaged contributions connected to the main ﬂow component, w, and
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J i ði ¼ 1; 2; 3Þ the corresponding normalized component:


R

Ii
Ji ¼ ¼
Is


pﬃﬃﬃﬃﬃﬃ 0 0 qw

Gr
u
w
dO
i
O
qxi
.
Is

D1 ¼
(6)

Examination of the values of the different contributions to
the ﬂuctuating kinetic energy balance, summarized in
Table 3, shows that the destabilizing effect is mainly due
to the shear of the mean ﬂow owing to the w component, as
these terms contribute to the total production for at least
90%, whereas the terms related to the two other
components u and v have relatively weak contributions.

0.1
0.08
0.06
0.04
0.02
0
-0.02
-0.04
-0.06
-0.08
1.1

1.11

1.12

1.13

1.14

(a)

In the same way, we deﬁne D1 and D2 , respectively, for
the viscous dissipation term and the buoyancy term:

1.15

1.16

1.17

1.18

time
0.008
0.006
0.004
0.002
0

-0.002
-0.004

hE kd i
;
Is

O

and
1.11

1.12

1.13 1.14

1.15

1.16

1.17

Sim

1.18

time

Fig. 5. Time evolutions of the rates of change of the ﬂuctuating kinetic
energy qK=qt (a) and of the ﬂuctuating thermal energy qY=qt (b), together
with their different contributions (A ¼ 4, Gr ¼ 180 000, Pr ¼ 0:026).

hE kb i
.
Is

(7)

Note that, close to the threshold, hqK=qti is negligible so
that I s ¼ hE kd i þ hE kb i and D1 þ D2 ¼ 1.
According to Table 3, most of the dissipation of the
ﬂuctuating kinetic energy is due to the viscous term D1 .
However, the buoyancy term D2 which is rather small,
reaches 15% for very small or large aspect ratios
corresponding to the largest values of Grc . The respective
inﬂuences of J 1 , J 2 , and J 3 for the different aspect ratios
are rather complex. J 2 , related to the vertical gradient of w,
is always destabilizing and it is generally the main
destabilizing term, except for A ¼ 4 and 5 where it is
supplanted by J 3 . It is interesting to notice that J 3 can have
a stabilizing or destabilizing effect according to the value of
the aspect ratio: it was found stabilizing for A ¼ 1:5; 2; 7,
and 10, and destabilizing for the other studied values of A.
As for J 1 , it is always destabilizing and its effect is found to
be the largest at large aspect ratios (AX7). If we consider
the variations of these quantities in connection with the
variations of the thresholds, the main observation is that
the steep decrease of the thresholds at small aspect ratios is
associated with a large modiﬁcation of J 3 , from a strong
stabilizing contribution at A ¼ 1:5 to strong destabilizing
contributions at A ¼ 4 and 5.
In order to better understand the destabilizing mechanisms due to shear, we will decompose the I i terms into two
factors, one connected to the ﬂuctuating ﬁelds and the
other to the mean ﬂow shear term, and we will quantify
their respective inﬂuence. In that way, we deﬁne spatial
contributions averaged over a period, S if and S im , which
are such that
Z
Z
pﬃﬃﬃﬃﬃﬃ
Ii ¼
S i dO ¼
Sif S im dO with Sif ¼ h Gru0i w0 i ð8Þ

-0.006
-0.008
1.1
(b)

D2 ¼

O

qw
¼
.
qxi

ð9Þ

Sif and S im have to be spatially correlated to produce a
shear contribution I i . To characterize this spatial correlation, we have plotted characteristic iso-surfaces close to the
extrema values for both S if and S im .

Table 3
Contribution of the terms J 1 , J 2 , and J 3 to the production of ﬂuctuating kinetic energy through shear effects and contribution of the terms D1 and D2 to
the dissipation of ﬂuctuating kinetic energy
A

1.5

2

4

5

6

7

8

9

10

J1
J2
J3
J1 þ J2 þ J3
D1
D2

0.173
1.442
0.715
0.900
0.843
0.157

0.072
0.898
0.039
0.931
0.938
0.062

0.141
0.346
0.484
0.972
0.928
0.072

0.105
0.391
0.471
0.967
0.938
0.062

0.155
0.540
0.204
0.899
0.886
0.114

0.250
0.713
0.012
0.950
0.816
0.184

0.289
0.646
0.015
0.950
0.812
0.188

0.422
0.489
0.020
0.931
0.834
0.166

0.371
0.671
0.095
0.946
0.832
0.168
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Fig. 6. Section view in the Lv -plane of an iso-surface of S3f (light gray shaded iso-surface for S3f ¼ 0:102 (surrounding a minimum value of 1:231)) and
iso-surfaces of S3m (empty iso-surface for S3m ¼ 0:35 (minimum at 7:83) and meshed iso-surface for S3m ¼ 0:7 (maximum at 4.26)) (a). Section view in
the Lv -plane of isosurfaces of S2f (light gray shaded iso-surface for S2f ¼ 0:0397 (minimum at 0:110) and dark gray shaded iso-surface for S2f ¼ 0:01
(maximum at 0.103)) and isosurfaces of S2m (empty iso-surface for S2m ¼ 7:91 (minimum at 14:132) and meshed iso-surface for S2m ¼ 0 (maximum at
31.525)) (b). The oscillatory case considered here corresponds to A ¼ 4, Gr ¼ 180 000, and Pr ¼ 0:026.

We ﬁrst analyze the case A ¼ 4 where both I 2 and I 3
have strong contributions. For this case, as the destabilizing phenomena principally occur in the Lv -plane, we
plot the different quantities in this plane. Fig. 6(a) shows
an iso-surface for S3f (light gray shaded iso-surface) and
iso-surfaces for S3m (empty or meshed iso-surfaces). We
can see that there is a good spatial correlation between
negative values of S3f and negative values of S3m around
the center of the cavity at the limit between the upper
and lower reverse ﬂows. This gives positive values for
S 3 in this region which are responsible for the destabilizing
effect of I 3 . Note that positive values of S 3m are found
closer to the endwalls which induce a small stabilizing
inﬂuence.
Concerning I 2 , Fig. 6(b) shows positive and negative isosurfaces for S 2f (respectively dark gray and light gray
shaded iso-surfaces) and for S 2m (respectively meshed and
empty iso-surfaces). The product of these two terms
produces a small zone of dissipation of the ﬂuctuating
kinetic energy near the center of the cavity and larger zones
of production at the limit of the upper and lower reverse
ﬂows. The global effect corresponds to a destabilizing
contribution for I 2 .
The importance of the term I 3 for A ¼ 4 is ﬁrst
connected to the existence of a negative gradient qw=qz
in the center part of the cavity. This gradient results from
the interaction of the upper and lower reverse ﬂows in the
center part of the cavity (see Fig. 2). Note that such
interaction would not exist in the case of a parallel ﬂow.
However, this gradient part in I 3 remaining small
compared to the gradient part ðqw=qy) in I 2 , the
preponderance of I 3 over I 2 is connected to the more
efﬁcient contribution of the ﬂuctuating part S 3f compared
to S 2f . In fact S3f based on w0 w0 has a uniform negative
sign, whereas S 2f based on v0 w0 can have a positive or

Fig. 7. Section view in the Lv -plane of an iso-surface of S3f (light gray
shaded iso-surface for S3f ¼ 0:369 (minimum at 1:02)) and iso-surfaces
of S3m (empty iso-surface for S3m ¼ 0:312 (minimum at 4:921) and
meshed iso-surface for S3m ¼ 1:384 (maximum at 3.817)) for the
oscillatory case A ¼ 1:5, Gr ¼ 930 000, and Pr ¼ 0:026 (a). Section view
in the Lv -plane of an iso-surface of S3f (light gray shaded iso-surface for
S3f ¼ 0:064 (minimum at 0:771)) and iso-surfaces of S3m (empty isosurface for S3m ¼ 0:410 (minimum at 5:89) and meshed iso-surface for
S3m ¼ 0:757 (maximum at 3.322)) for the oscillatory case A ¼ 2,
Gr ¼ 236 000, and Pr ¼ 0:026 (b).

negative sign. Moreover, the v0 ﬂuctuations are small
compared to the w0 ﬂuctuations.
It is interesting to consider smaller aspect ratios in order
to analyze the strong variation of I 3 occurring in this range
of aspect ratio. Results concerning S 3f and S 3m in the Lv plane are shown in Fig. 7 for A ¼ 1:5 and 2. We see that for
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Fig. 8. Section view in the Lh -plane of an iso-surface of S2f (light gray shaded iso-surface for S2f ¼ 0:001 (minimum at 0:0084)) and an iso-surface of
S2m (empty iso-surface for S2m ¼ 6:401 (minimum at 12:857)) (a). Section view in the Lh -plane of an iso-surface of S3f (light gray shaded iso-surface for
S3f ¼ 0:014 (minimum at 0:0825)) and iso-surfaces of S3m (empty iso-surface for S3m ¼ 0:586 (minimum at 6:213) and meshed iso-surface for
S3m ¼ 0:190 (maximum at 6.38)) (b). The oscillatory case considered here corresponds to A ¼ 10, Gr ¼ 850 000, and Pr ¼ 0:026.

A ¼ 1:5, there is a zone with qw=qz positive in the center of
the cavity leading to a strong stabilizing contribution. In
fact, for this case, as shown in Fig. 2, the roll is tilted in the
cavity, but the ﬂow is almost parallel and there is no
interaction between the upper and lower ﬂows in the center
of the cavity. For A ¼ 2, such interaction exists (Fig. 2)
which leads to a zone with qw=qz negative in the center of
the cavity (destabilizing inﬂuence), but zones with qw=qz
positive are also present closer to the endwalls similarly to
the case A ¼ 4 (stabilizing inﬂuence). When the aspect ratio
is increased from 2 to 4, the destabilizing zone with qw=qz
negative increases in size and this zone becomes large and
strongly dominant for A ¼ 4 as shown previously in
Fig. 6(a). Note that for small aspect ratio, the dominant
destabilizing shear term is I 2 . As observed for A ¼ 4, the
zones of production of ﬂuctuating kinetic energy through
positive values of S 2 are located along the surface
separating the upper and lower reverse ﬂows.
For the intermediate aspect ratios A ¼ 5 and 6, we note
that the values of I 2 and I 3 are of the same order of
magnitude as those obtained for A ¼ 4 and the way by
which S 2 and S3 contribute to these terms is also similar to
what is observed for A ¼ 4.
Concerning long cavities (AX7) for which I 2 is
dominant, the region of main shear stress (negative values
of qw=qy) is not in the Lv -plane but located on both sides
of this plane (empty iso-surface shown in the Lh -plane for
A ¼ 10 in Fig. 8(a)) inducing a production of ﬂuctuating
kinetic energy through S 2 in this region. As for I 3 , S3m
(empty and meshed iso-surfaces in Fig. 8(b)) is signiﬁcant
only in the end parts of the cavity. Its interaction with S 3f
(always negative, light gray shaded iso-surfaces in Fig.
8(b)) occurs for A ¼ 10 for positive values of S 3m (and still
outside the Lv -plane), which induces a global stabilizing
contribution for I 3 in this case. Finally, the variations of
the ﬂow structure in the transverse direction observed for
long cavities may explain the signiﬁcant contributions of I 1
which is connected to shear in this transverse direction.
6. Snapshots
In the previous sections, we have seen that different types
of instabilities can be found when varying the aspect ratio.

Fig. 9. Fluctuating velocity ﬁeld and gray patches indicating zones of
maximum of ﬂuctuating kinetic energy in the Lv -plane given as a sequence
of snapshots over one period of oscillation: (a) t ¼ 0, (b) t ¼ T=8, (c)
t ¼ 2T=8, (d) t ¼ 3T=8, (e) t ¼ 4T=8, (f) t ¼ 5T=8, (g) t ¼ 6T=8, (h)
t ¼ 7T=8. The parameters are A ¼ 1:5, Gr ¼ 930 000, Pr ¼ 0:026.

But, even a detailed consideration of the characteristics
involved (sequence of bifurcations, frequencies, symmetry
breakings, energy balances) does not allow to clearly and
deﬁnitively distinguish and localize them. A more powerful
stability analysis of these three-dimensional situations
would be required. Nevertheless, to get more insight in
some of the oscillatory behaviors involved, we will consider
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Fig. 11. Sequence of snapshots as in Fig. 9. The parameters are A ¼ 10,
Gr ¼ 850 000, Pr ¼ 0:026.

Different behaviors are found for the three cases
considered. For A ¼ 1:5 (Fig. 9), the ﬂuctuating ﬁeld can
be viewed as a two-pole structure rotating in the clockwise
direction around the center of the cavity. For A ¼ 4
(Fig. 10), the ﬂuctuations (anti-symmetric with respect to
the center point) seem to originate at this center point, then
split into two parts which move towards the ends of the
cavity along the line separating the upper and lower reverse
ﬂows. Finally, for A ¼ 10 (Fig. 11), symmetric ﬂuctuations
are generated on both sides of the Lv -plane close to the T h axis. These ﬂuctuations move symmetrically towards the
ends of the cavity, with an intensity ﬁrst amplifying and
then decaying.
7. Conclusion

Fig. 10. Sequence of snapshots as in Fig. 9. The parameters are A ¼ 4,
Gr ¼ 180 000, Pr ¼ 0:026.

sequences of snapshots of the ﬂuctuating part of the
velocity taken over one period of oscillation. These
snapshots are given in the Lv -plane for A ¼ 1:5 and 4
(Figs. 9 and 10) and in the Lh -plane for A ¼ 10 (Fig. 11)
through the projected ﬂuctuating velocity ﬁeld and gray
patches indicating zones of maximum of ﬂuctuating kinetic
energy.

At ﬁrst sight, given that the conﬁnement is lower with the
increase of A, we could think that the critical threshold for
the onset of oscillations, Grc , would decrease in a
monotonous way. Our numerical experiments at a Prandtl
number 0.026 have established that the thresholds, as well
as the fundamental frequencies of the oscillations, do not
follow this evolution but strongly vary with the aspect ratio
A. By increasing A from A ¼ 1:5 to 3, the threshold
strongly decreases before strongly increasing until A ¼ 8
and ﬁnally decreasing for larger A. Moreover, we obtain,
for large aspect ratios, a low fundamental frequency
compared to the frequency obtained for small and
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moderate aspect ratios. These behaviors suggest that the
mechanisms of ﬂow transition will depend on the aspect
ratio. Fluctuating energy analyses close to the threshold
indicate that for small aspect ratios, the instability is due to
the vertical shear of horizontal velocity and occurs in the
main longitudinal vertical plane in the core of the cavity,
along the surface separating the upper and the lower
reverse ﬂows. On the other hand, for A ¼ 4 and 5, the
major destabilizing term is the horizontal shear of
horizontal velocity. This reﬂects the interaction between
the reverse ﬂows in the stagnation zone around the center
of the cavity. For large aspect ratios, vertical shear has also
been found as the main instability factor. In this case, the
instability still occurs in these main shear regions, but these
regions have moved from the longitudinal vertical plane to
symmetric places on both sides of this plane.
These three-dimensional computations were carried out
on a IBM-SP3 computer with the support of the Centre

Informatique
(CINES).
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