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Abstract
In Czochralski (Cz) crystal growth, the observed complicated melt ﬂows are caused by different types of instability such as buoyancyinduced instability, Marangoni instability or baroclinic instability. In order to grow single crystals of large size and high quality, it is very
important to strictly control these melt ﬂows, and in particular to know which instability is dominant in such ﬂows. Proper orthogonal
decomposition (POD) is a powerful method to disclose the basic structures of complicated ﬂows. It was traditionally used to analyze ﬂow
structures and, more recently, to construct low-order dynamic models able to reproduce complicated ﬂows. An attempt to apply POD to
analyze the ﬂow instabilities was conducted in the case of the oscillatory melt ﬂows occurring in an axisymmetric Cz conﬁguration and
caused by both buoyancy-induced and surface tension-induced instabilities. Direct numerical simulation was used to obtain the ﬂow
ﬁelds driven by both buoyancy and surface tension and also the ﬂow ﬁelds driven by one of these forces alone. POD was then employed
to extract the basic modes from the ﬂow ﬁelds. By comparing the basic modes between these situations, the dominant instability involved
in such complicated ﬂows has been revealed. In addition, it was found that the basic modes corresponding to buoyancy-induced
instability are global and rotating and those to Marangoni-induced instability are local and traveling. All these indicate that the POD
could be a powerful method in instability analysis.
r 2007 Elsevier B.V. All rights reserved.
PACS: 02.60.Cb; 47.20.k; 47.20.Bp; 47.20.Dr; 81.10.Fq; 83.60.Wc
Keywords: A1. Buoyancy instability; A1. Marangoni instability; A1. Proper orthogonal decomposition; A1. Stability analysis; A2. Czochraski crystal
growth

1. Introduction
The Czochralski (Cz) method is the most common way of
growing single crystals. No objection could be raised to the
fact that the quality of single crystals is strongly connected
with the melt ﬂows. In the Cz crystal growth, the melt ﬂows
are governed by many interacting forces, such as buoyancy,
surface tension, Coriolis and centrifugal forces, and are then
very complicated. Three-dimensional time-dependent and
even chaotic ﬂows are common. Many efforts have been
Corresponding author. Tel.: +86 28 87602767; fax: +86 28 87634937.
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made to reveal the mechanisms at the origin of these
complicated melt ﬂows [1–16]. Hurle [1] reviewed the various
instabilities, which occur in the melt ﬂows during crystal
growth. Buoyancy-induced instability is inevitable on earth.
Researches conducted by Jing et al. [2–6] have also revealed
that surface-tension-induced thermocapillary instability is
also a key factor involved in the formation of such
complicated melt ﬂows. These indications of Jing et al. were
supported by Miller and Pernell [7,8], Hurle [1], Shigematsu
et al. [9] and Morita et al. [10]. Jones [11–14] conducted
different experiments in which interesting ﬂow patterns were
obtained. He particularly emphasized the importance of the
baroclinic instability induced by the Coriolis and centrifugal
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forces. Enger et al. [15] numerically reproduced the
complicated melt ﬂows reported by Jones. Jing et al. [16]
further investigated the melt ﬂows in a large-scale crucible
and focused on the effects of various operating conditions
on the melt ﬂows. He concluded that the baroclinic
instability could play a dominant role in a large-scale
rotating crucible. In the Cz crystal growth system, other
instabilities still exist, but, so far, most studies focused on
the global results obtained by taking into account various
instabilities, so that we only roughly know that some of
them are important in the formation of the melt ﬂow. These
studies did not clearly show the contribution of each
instability to the formation of the melt ﬂow and the
characteristic spatial features of the melt ﬂow induced by
each instability. They did not clearly answer how each
instability modiﬁes the melt ﬂow, either; for example, what
way is taken to modify the melt ﬂow by each instability, the
rotating, traveling and other motions of the basic rolls
induced by the instability? This paper wants to show that the
proper orthogonal decomposition (POD) technique (a
powerful method to disclose the basic structures of
complicated ﬂows and to construct low-order dynamic
models able to reproduce complicated ﬂows [17–21]) can be
used to give a better understanding of such melt ﬂows and,
in particular, analyze the different instability contributions.
As a ﬁrst stage, a simple axisymmetric Cz melt ﬂow
involving buoyancy and thermocapillary forces is chosen
to show the potentiality of such an approach.
2. Problem description
The geometry considered in this study is depicted in Fig. 1.
It corresponds to an axisymmetric Cz model. The radius and
height of the crucible are rc and h, respectively, and the
radius of the crystal is rs. As ﬁrst step of application of POD
to instability analysis, only buoyancy and thermocapillary
instabilities can be triggered in the model. The crucible and
the crystal are supposed to be both at rest, which excludes
the baroclinic instability. The free surface of the melt and the
melt/crystal interface are considered as ﬂat. The temperatures of the melt/crystal interface and the sidewall are taken
as the melting point, Tm, and a constant value, Tc (Tc4Tm),
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respectively. The heat loss at the free surface of the melt is
assumed to be due only to radiation towards the ambience at
temperature Ta, whereas the bottom of the crucible is
considered as adiabatic. The melt is assumed to be an
incompressible Newtonian Boussinesq ﬂuid and the ﬂow is
considered as laminar. The no-slip condition is used for all
the physical boundaries of the melt except for the free
surface, which is considered to be stress free or submitted to
thermocapillary effects. For the simpliﬁed Cz conﬁguration,
the nondimensional mathematical model can be expressed as
follows:
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The nondimensional parameters involved in the equations
are the Grashof number Gr ¼ gbTmr3c /n2 and the Prandtl
number Pr ¼ n/a, where g is the gravitational acceleration, b
is the coefﬁcient of volumetric thermal expansion, n is the
kinematic viscosity and a is the thermal diffusivity.
The boundary conditions are the following:
at the melt=crystal interface :

at the free surface :
and



Vr ¼ Vz ¼ 0

and

T ¼ 1,
(5)

qV r
qT
; Vz ¼ 0
¼ Ma
qR
qZ
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¼ Rrad ðT 4  T 4a Þ,
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ð6Þ

at the sidewall of the crucible :
and T ¼ T c =T m ,

Vr ¼ Vz ¼ 0

at the bottom of the crucible :
and qT=qZ ¼ 0,

Vr ¼ Vz ¼ 0

ð7Þ

ð8Þ

h

at the axis :
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Fig. 1. Axisymmetric Czochralski model.

V r ¼ 0; qV z =qR ¼ qT=qR ¼ 0.

(9)

The nondimensional parameters appearing in the
boundary conditions are the Marangoni number Ma ¼
gTTmrc/mn, and a radiation parameter Rrad ¼ esT3mrc/l,
where gT is the surface tension/temperature coefﬁcient, m is
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the dynamic viscosity, e is the emissivity, s is the
Stefan–Boltzmann constant, and l is the thermal conductivity. In deriving the above equations, the characteristic length rc, velocity n/rc and temperature Tm were used.
Finally, the thermal physical properties of LiNbO3 melt [9]
were used in the calculations.
There are many ways to solve the above equations. In
this paper, Eqs. (1)–(9) were discretized using the ﬁnitevolume method with a staggered arrangement of the
variables. Central difference was used for all spatial
derivatives and ﬁrst-order forward difference for the time
derivatives. For the convective terms, Kawamura scheme
[22] was applied, and HSMAC algorithm was employed to
solve the pressure-correction equation. A time step,
Dt ¼ 106 and a grid of 60  60 points were tested to be
suitable for our study.
Before the presentation of the results, it is necessary to
describe the POD.
3. POD
POD is a rigorous procedure for extracting a basis of
characteristic modes from sampled time evolution signals.
These modes are the eigenfunctions of an integral operator
based on the spatial correlation function. They are shown
to form an orthogonal basis for the function space in which
the process resides, and to represent this process in the
most efﬁcient way [23]. Directly applying this procedure to
a discretized problem involves extremely considerable
computing task because the spatial correlation matrix
(the eigenvalues of which we want to obtain) is usually very
large. A more accessible approach that is referred to as ‘the
method of snapshots’ was proposed by Sirovich [18,19].
This method which invokes the ergodic hypothesis allows
to reduce the computation task to a much more tractable
eigenproblem with a size N equal to the number of
snapshots of the ﬂow ﬁeld which have been obtained by
direct numerical simulation (usually of the order of some
hundreds). The method of snapshots is presented in a
practical way in the following.
The ﬂow ﬁelds V(x, t) obtained through the N snapshots
are decomposed into time-averaged parts V̄ ðxÞ and timevarying parts v0 (x, t), i.e.,
Vðx; tÞ ¼ V̄ðxÞ þ v0 ðx; tÞ.

(10)

The two time correlation matrix Cm,n is then constructed
from the velocity samples as
C m;n ¼

1 0
ðv ðx; tm Þ; v0 ðx; tn ÞÞ;
N

m; n ¼ 1; 2; . . . ; N,

(11)

where the outer parentheses (. , .) represent the inner
product deﬁned as
Z
ða; bÞ ¼
aðxÞ  bðxÞ dx,
(12)
D

where a and b are two vectors and D is the ﬂow domain.

The eigenvalues li associated to the correlation matrix
(Eq. (11)) and the corresponding eigenvectors Am
i ,
m ¼ 1, N, can be calculated, which gives
C m;n Ani ¼ li Am
i .

(13)

Finally, the characteristic modes (also called empirical
eigenfunctions) Ui(x) (here normalized) are obtained as
linear combinations of the time-varying parts,
N
X

m

A0i v0 ðx; tm Þ
(14)
m¼1
ﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
PN
m
m 2
with A0i ¼ Am
i = li N
m¼1 ðAi Þ .
The eigenvalues and empirical eigenfunctions have the
following interesting properties:

Ui ðxÞ ¼

(a) The eigenvalues are real, non-negative and can be
ordered. Each eigenvalue li represents the relative
contribution of the corresponding mode Ui(x) to the
total ﬂuctuation kinetic energy of the ﬂow ﬁeld.
(b) The eigenfunctions are orthogonal and have been
normalized , so that they verify (Ui , Uj ) ¼ di,j . They
are divergence free ðr  Ui ¼ 0Þ since they are constructed as linear combinations of the incompressible
ﬂow snapshots v0 (x , t ) .
(c) The eigenfunctions found by POD are shown to be
optimal for modeling or reconstructing a ﬂow ﬁeld
compared to all other decompositions. The timevarying parts v0 (x, t) can then be expressed in terms
of these normalized eigenfunctions as
v0 ðx; tÞ ¼

M
X

ai ðtÞUi ðxÞ,

(15)

i¼1

where ai (t ) are coefﬁcients depending on time, and M
is the number of the ﬁrst most important modes
retained in the expansion for velocity. When M ¼ N ,
the original sampled signal can be reproduced exactly,
with
m

0
ai ðtÞ ¼ am
i ¼ Nli Ai .

(16)

Usually M is much smaller than the number of
snapshots, N, and is chosen so that the set of eigenfunctions captures most of the ﬂuctuation energy. For example
in SirovichP[19], the
PNchoice is made by taking x 499%,
where x  M
l
=
i¼1 i
i¼1 li , meaning that the ﬁrst M modes
capture more than 99% of the ﬂuctuation kinetic energy.
The procedure for extracting the characteristic modes of
the temperature ﬁeld is similar to that for the ﬂow ﬁeld.
From the above description, it can be understood that
POD is a powerful method to extract the basic ﬂow
structures from a given ﬂow ﬁeld. Moreover, POD can give
an indication on the contribution of each basic ﬂow
structure to the total ﬂow ﬁeld. It was traditionally used to
analyze ﬂow structures [17–19] and, more recently, to
construct low-order dynamic models able to reproduce
complicated ﬂows [20,21].
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In this study, POD was used to analyze the contributions
of various instabilities to the ﬂow ﬁelds obtained for
different values of the parameters.
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Table 1
Flow properties for various sets of Gr and Ma
Ma

Gr
0

2.52  103

2.52  104

2.52  105

2.52  106

5.04  106

2.52  107

S
S
S
S
O
O

S
S
S
S
O
O

S
S
S
S
O
O

S
S
S
S
O
O

S
S
S
S
O
O

O
O
O
S
O
O

O
O
O
O
O
O

4. Approach of the problem
When a ﬂow ﬁeld is governed by two or more
instabilities, each instability plays a certain role in
organizing the ﬂow ﬁeld. Because of the nonlinearity of
the governing equations, the ﬂow ﬁeld cannot be expressed
only by the linear summation of each ﬂow ﬁeld induced by
the corresponding instability, and each contribution of the
instabilities to the ﬂow ﬁeld also cannot be determined in a
simple way. When the ﬂow is time dependent, it is still
more difﬁcult to clarify the contributions of each instability
to the total ﬂow ﬁeld. However, according to POD, it can
be understood that, despite the complexity and time
dependence of a ﬂow ﬁeld, the set of the basic structures
composing the ﬂow ﬁeld can be obtained, and can be also
easily compared to the set corresponding to another ﬂow
ﬁeld. Moreover, assuming that the ﬁrst basic structure
obtained by POD corresponds to the dominant instability,
the analysis of this structure will reveal a characteristic
feature of this instability. Since the eigenvalue associated to
the basic structure represents the relative contribution of
this structure to the total ﬂow, thus, through POD, it is
possible to quantitatively analyze the contribution of the
corresponding instability to the ﬂow ﬁeld.
In this study, a simple model corresponding to an
axisymmetric Cz melt ﬂow driven by both buoyancy and
surface tension forces, was used. Numerical simulation has
the advantage that it is possible to obtain the ﬂow ﬁeld
driven by a single force. For convenience, the ﬂow driven
by both buoyancy and surface tension is denoted as the
(Gr+Ma)-driven ﬂow, the ﬂow driven only by buoyancy as
the Gr-driven ﬂow and the ﬂow driven only by surface
tension as the Ma-driven ﬂow. By comparing the basic ﬂow
structures of the (Gr+Ma)-driven ﬂow with those of the Grdriven ﬂow and of the Ma-driven ﬂow, the nature of the
dominant instability in general situations can be revealed.
5. Results and discussion
5.1. Analysis based on DNS
Numerous DNS calculations were ﬁrst performed for
various sets of (Gr, Ma). The steady or oscillatory character
of the ﬂow states thus obtained is indicated in Table 1.
Moreover for some oscillatory cases, precisions on the time
evolution and the spatial characteristics of the ﬂow state
are given in Figs. 2 and 3. More precisely, Fig. 2 shows the
time evolutions of the velocity Vr at a monitoring point
(R ¼ 0.75, Z ¼ 0.98, i.e., a little below the free surface) for
some representative sets of (Gr, Ma). In each graph, the
DNS results are depicted as dashed lines. Concerning
Fig. 3, it shows instantaneous streamline contours for some

0
4.94  101
4.94  102
4.94  103
4.94  104
4.94  105

S indicates a steady ﬂow and O an oscillatory ﬂow.

representative cases in order to better understand the
topology of the DNS ﬂow ﬁelds.
Analyzing the results more in details, it can be seen that
without the Marangoni effect (Ma ¼ 0), i.e. when the ﬂow
is driven only by buoyancy (see the ﬁrst row of Table 1),
the ﬂow is ﬁrst steady in a large range of Gr values, but,
with the increase of Gr, the ﬂow eventually loses its stability
and transits to an oscillatory state at a critical value of Gr
between 2.52  106 and 5.04  106. Therefore, the oscillatory ﬂows occurring at Ma ¼ 0 when GrX5.04  106 are
the result of a buoyancy instability. Some precisions on this
limit case at Gr ¼ 5.04  106 are given by the time
evolution shown in Fig. 2a and by the streamline contours
given in Figs. 3a and b. These contours are taken at the two
instants indicated by dots in Fig. 2a and corresponding to a
peak and a valley of the time evolution. It is thus found
that the oscillation is regular and corresponds to the
displacement of the main ﬂow cell from the top-right of the
geometry to the bottom-left. It should be also emphasized
that the oscillation is global inside the cavity. A further
increase of Gr up to Gr ¼ 2.52  107 (Figs. 2b and 3c) leads
to a ﬂow state for which the time evolution becomes
irregular and the ﬂow ﬁeld more complicated, but the
observed oscillation is still global inside the cavity.
On the other hand, in the case without buoyancy
(Gr ¼ 0), i.e. when the ﬂow is driven only by the
Marangoni effect (see the ﬁrst column of Table 1), the
ﬂow is ﬁrst steady and, with the increase of Ma, becomes
oscillatory at a critical value of Ma between 4.94  103 and
4.94  104. As a consequence, the oscillatory ﬂows occurring at Gr ¼ 0 when MaX4.94  104 are the result of the
Marangoni instability. Some precisions on this limit case at
Ma ¼ 4.94  104 are given in Figs. 2c and 3d. The
amplitude and the frequency of the oscillation are large
compared to what was obtained at (Gr ¼ 5.04  106,
Ma ¼ 0), but the main oscillations are now conﬁned in a
thin layer below the free surface whereas the oscillations in
the bulk are rather weak. Finally, a same type of behavior
is obtained at Ma ¼ 4.94  105 (see Figs. 2d and 3e), except
that the ﬂow velocities are larger and the frequency of the
oscillations as well.
However, when the ﬂow is driven by both buoyancy and
surface tension forces, it is not easy to point out
immediately which one of buoyancy instability and
Marangoni instability plays a dominant role in inducing
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Fig. 2. Time evolutions of the velocity Vr at a monitoring point (R ¼ 0.75, Z ¼ 0.98, i.e., a little below the free surface) for some representative sets of
(Gr, Ma). The dashed lines correspond to the DNS results, the solid lines to the results reconstructed by POD. N is the number of snapshots used to
perform the POD and M is the number of modes used to reconstruct the ﬂow ﬁelds, (a) Gr ¼ 5.04  106, Ma ¼ 0; (b) Gr ¼ 2.52  107, Ma ¼ 0; (c) Gr ¼ 0,
Ma ¼ 4.94  104; (d) Gr ¼ 0, Ma ¼ 4.94  105; (e) Gr ¼ 2.52  107, Ma ¼ 4.94  103; (f) Gr ¼ 5.04  106, Ma ¼ 4.94  104; (g) Gr ¼ 2.52  107,
Ma ¼ 4.94  104; and (h) Gr ¼ 2.52  107, Ma ¼ 4.94  105.
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Fig. 3. Instantaneous ﬂow ﬁelds expressed through streamfunction contours (streamlines) for various sets of (Gr, Ma). In this ﬁgure as well as in the
following ﬁgures, the streamfunction is deﬁned as qj=qr ¼ rV z , qj=qZ ¼ rV r . jmax, jmin shown below each ﬁgure are the maximum and minimum
values of jU Dj is the interval between the streamfunction contours, (a), (b) Gr ¼ 5.04  106, Ma ¼ 0; (c) Gr ¼ 2.52  107, Ma ¼ 0; (d) Gr ¼ 0,
Ma ¼ 4.94  104; (e) Gr ¼ 0, Ma ¼ 4.94  105; (f) Gr ¼ 2.52  107, Ma ¼ 4.94  103; (g) Gr ¼ 5.04  106, Ma ¼ 4.94  104; (h) Gr ¼ 5.04  106,
Ma ¼ 4.94  105; (i) Gr ¼ 2.52  107, Ma ¼ 4.94  104; and (j) Gr ¼ 2.52  107, Ma ¼ 4.94  105.
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the oscillatory ﬂow. Let us try to go further in the
analysis. First, the steady state at (Gr ¼ 5.04  106,
Ma ¼ 4.94  103) (see Table 1) can be viewed as the result
of the stabilization by the thermocapillary effect at
Ma ¼ 4.94  103 of the buoyancy instability corresponding
to Gr ¼ 5.04  106. This stabilization of the buoyancyinduced circular bulk ﬂow can be connected to the
acceleration induced by the thermocapillary effect, which
in the present model, acts in the same direction as
buoyancy. At Ma ¼ 4.94  103, the increase of the velocity
by the thermocapillary effect is enough to suppress the
weak oscillations which appeared in the purely buoyancydriven case. With the increase of Gr at the same value of
Ma, the ﬂow becomes oscillatory, as can be seen for
(Gr ¼ 2.52  107, Ma ¼ 4.94  103) (Figs. 2e and 3f).
Therefore, it can be inferred that this oscillatory ﬂow is
caused by the buoyancy instability, or more precisely, that
the buoyancy instability has a dominant contribution to
the oscillatory ﬂow. Similarly, it can be inferred that the
Marangoni instability is responsible for the oscillatory ﬂow
at (Gr ¼ 5.04  106, Ma ¼ 4.94  104) (see Figs. 2f and 3g,
as this oscillatory ﬂow is developed from the steady ﬂow at
(Gr ¼ 5.04  106, Ma ¼ 4.94  103) just by increasing the
Marangoni number Ma. For this oscillatory ﬂow, as well as
for the ﬂow at (Gr ¼ 5.04  106, Ma ¼ 4.94  105) (see Fig.
3h, we can say that it is now the Marangoni instability
which has a dominant contribution.
For all the ﬂow states just mentioned, the DNS analysis
can give a qualitative answer about the dominant
instability involved in such (Gr+Ma)-driven ﬂows.
But, for the oscillatory ﬂows at (Gr ¼ 2.52  107,
Ma ¼ 4.94  104) (see Figs. 2g and 3i and (Gr ¼ 2.52  107,
Ma ¼ 4.94  105) (see Figs. 2h and 3j, the DNS analysis
cannot directly give any indication. But, the POD
approach proposed by the authors in the present paper
can give more precise information about the dominant
instability.
5.2. Analysis based on POD
Following the procedure described in Section 3, POD
was applied to various oscillatory solutions obtained by
DNS for different sets of (Gr, Ma). For each case, a set of
snapshots (called signal sample) was collected from the
fully developed oscillatory ﬂow. In order to exactly capture
the ﬂow characteristics, the sample should cover enough
periods of oscillation and the time interval between the
snapshots should be as short as possible. The time interval
between snapshots is 250Dt for all cases except for the case
at (Gr ¼ 5.04  106, Ma ¼ 0), for which it is 1000Dt. The
number of snapshots used to perform the POD, N, and the
number of the ﬁrst important basic modes used to
reproduce the ﬂow ﬁeld, M, are indicated below each
graph in Fig. 2. In this ﬁgure, the results reproduced by
POD are depicted as solid lines and compared to those
obtained by DNS (dashed lines). It can be seen that the
solid lines and the dashed lines coincide exactly for all the

cases shown, which on one hand proves that the
parameters M and N have been well chosen and on the
other hand denotes the real potentiality of POD to
reproduce oscillatory ﬂows. The number of modes used
to reproduce the original ﬂows corresponds in fact to the M
ﬁrst basic modes, which together capture 99.9% of the
ﬂuctuating kinetic energy. In the following, we will see how
useful and powerful is the POD in investigating the
dominant instability in a (Gr+Ma)-driven ﬂow.
First, the basic modes for the purely buoyancy-driven
oscillatory ﬂow at (Gr ¼ 5.04  106, Ma ¼ 0) and for the
purely Marangoni-driven oscillatory ﬂow at (Gr ¼ 0,
Ma ¼ 4.94  104) have been extracted using POD and are
shown in Figs. 4 and 5, respectively. In fact, only the ﬁrst
two basic modes are presented in these ﬁgures through
streamline contours with an interval between the contours
equal to 0.005. The maximum and minimum values of the
streamlines are listed below each ﬁgure. The percentage
shown in the ﬁgures below each mode indicates the
corresponding contribution of the mode to the total
ﬂuctuation kinetic energy of the ﬂow. From that, it can
be stated that for these two cases the ﬁrst two modes

Fig. 4. Streamlines for the ﬁrst two basic modes obtained by POD from
the purely buoyancy-driven oscillatory ﬂow at (Gr ¼ 5.04  106, Ma ¼ 0).
In this ﬁgure as well as in the following ﬁgures, the data given in %
indicate the percentage of the ﬂuctuation kinetic energy captured by the
corresponding mode, (a) mode 1, 59.3%; and (b) mode 2, 33.6%.

Fig. 5. Streamlines for the ﬁrst two basic modes obtained by POD from
the
purely
Marangoni-driven
oscillatory ﬂow
at
(Gr ¼ 0,
Ma ¼ 4.94  104), (a) mode 1, 52.2%; and (b) mode 2, 47.1%.
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together contribute a lot to the ﬂuctuation kinetic energy,
more than 92% and 99%, respectively. Figs. 4 and 5 clearly
show the differences between the basic modes in the two
situations. The basic modes of the oscillatory ﬂow induced
by buoyancy are global bulk modes, whereas those of the
oscillatory ﬂow induced by surface tension are localized
modes, near the free surface. As already mentioned, the
basic modes are intrinsic and time independent, and they
indicate the origins of the ﬂuctuation ﬁeld. From these
structures of the basic modes, it can be clearly stated that
the buoyancy instability occurs globally over the whole
ﬂuid bulk and that the Marangoni instability occurs locally
near the free surface.
In Fig. 6 are shown the ﬁrst two basic modes for the
oscillatory ﬂow at (Gr ¼ 5.04  106, Ma ¼ 4.94  104).
These ﬁrst two modes contribute up to 98% to the total
ﬂuctuation kinetic energy. Obviously, the structure of these
basic modes is similar to the structure of the modes
obtained in the purely Marangoni-driven situation (see
Fig. 5). It can be concluded that the oscillatory ﬂow
occurring at (Gr ¼ 5.04  106, Ma ¼ 4.94  104) is mainly
induced by the Marangoni instability. Furthermore, as
shown in Fig. 7, the basic structures at (Gr ¼ 5.04  106,
Ma ¼ 4.94  105) are also similar to those shown in Fig. 5,
indicating that the ﬂow is still mainly induced by the
Marangoni instability. In this case, the ﬁrst two modes
contribute 98% to the total ﬂuctuation kinetic energy.
These conclusions are the same as those obtained by the
analysis based on DNS in the previous section. However,
these conclusions cannot be obtained easily from the
instantaneous DNS ﬂow ﬁelds, as those shown in Figs. 3g
and h. This already indicates the interest of POD in
stability analysis.
Before the cases for a higher Gr number
(Gr ¼ 2.52  107, last column in Table 1) are discussed,
the basic structures for the purely buoyancy-driven
oscillatory ﬂow at (Gr ¼ 2.52  107, Ma ¼ 0) are shown
in Fig. 8. In this case, the streamline contours of the ﬁrst
four basic modes are shown. Unlike the cases discussed
before where the ﬁrst two modes capture most of the
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Fig. 7. Streamlines for the ﬁrst two basic modes obtained by POD from
the buoyancy- and Marangoni-driven oscillatory ﬂow at (Gr ¼ 5.04  106,
Ma ¼ 4.94  105), (a) mode 1, 49.5%; and (b) mode 2, 48.5%.

Fig. 8. Streamlines for the ﬁrst four basic modes obtained by POD from
the purely buoyancy-driven oscillatory ﬂow at (Gr ¼ 2.52  107, Ma ¼ 0),
(a) mode 1, 22.1%; (b) mode 2, 19.5%; (c) mode 3, 13.4%; and (d) mode 4,
9.9%.

Fig. 6. Streamlines for the ﬁrst two basic modes obtained by POD from
the buoyancy- and Marangoni-driven oscillatory ﬂow at (Gr ¼ 5.04  106,
Ma ¼ 4.94  104), (a) mode 1, 51.6%; and (b) mode 2, 46.4%.

ﬂuctuation kinetic energy, the ﬁrst four modes only capture
65% of the ﬂuctuation kinetic energy and 40 modes are
necessary to reach 99%, which indicates that the ﬂuctuation kinetic energy is scattered among the modes. Nevertheless, the characteristic structure of the basic modes is
found to be global and to affect the bulk, which again
emphasizes this characteristic of the buoyancy instability.
If the Marangoni effect is introduced but remains weak
(Map4.94  103), the oscillatory ﬂow is still induced by the
buoyancy instability, in good agreement with what was
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guessed in the above section. This is illustrated by the ﬁrst
four basic modes for the oscillatory ﬂow at
(Gr ¼ 2.52  107, Ma ¼ 4.94  103) which are shown in
Fig. 9. The characteristic structures of these basic modes
are clearly similar to those of the purely buoyancy-driven
oscillatory ﬂow (see Fig. 8), except that modes 3 and 4 have
permuted.
With the further increase of Ma, the Marangoni
instability is eventually triggered. At (Gr ¼ 2.52  107,
Ma ¼ 4.94  104), as shown in Fig. 10 through the ﬁrst
four basic modes, the characteristics of the Marangoni
instability appear in the basic modes, but this instability is
not plainly dominant. Indeed, the ﬁrst two modes clearly
come from the Marangoni instability with a contribution
of 46.6% to the ﬂuctuation kinetic energy, whereas the
third and fourth modes come from the buoyancy instability
with a contribution of 40.2%, a contribution only slightly
smaller than the Marangoni instability contribution. But
for larger values of Ma (MaX4.94  105), the Marangoni
instability becomes clearly dominant. Fig. 11 shows the
ﬁrst two basic modes for the case at (Gr ¼ 2.52  107,
Ma ¼ 4.94  105). These ﬁrst two modes inherit the main
characteristics of the Marangoni instability and capture
most of the ﬂuctuation kinetic energy (about 98%). As
mentioned in the previous section, the conclusions for these
two cases can not be clearly inferred from a pure DNS
analysis with comparisons of the instantaneous DNS ﬂow

Fig. 10. Streamlines for the ﬁrst four basic modes obtained by POD from
the buoyancy- and Marangoni-driven oscillatory ﬂow at (Gr ¼ 2.52  107,
Ma ¼ 4.94  104), (a) mode 1, 23.5%; (b) mode 2, 23.1%; (c) mode 3,
22.4%; and (d) mode 4, 17.8%.

Fig. 11. Streamlines for the ﬁrst four basic modes obtained by POD from
the buoyancy- and Marangoni-driven oscillatory ﬂow at (Gr ¼ 2.52  107,
Ma ¼ 4.94  105), (a) mode 1, 50.6%; and (b) mode 2, 47.5%.

ﬁelds (as those shown in Fig. 3). This still conﬁrms that the
POD can be a useful tool to analyze the instabilities in
complicated situations as the Cz crystal growth.
5.3. Behavior of the main modes triggering the instabilities
Fig. 9. Streamlines for the ﬁrst four basic modes obtained by POD from
the buoyancy- and Marangoni-driven oscillatory ﬂow at (Gr ¼ 2.52  107,
Ma ¼ 4.94  103), (a) mode 1, 19.1%; (b) mode 2, 15.3%; (c) mode 3,
14.6%; and (d) mode 4, 13.8%.

We want to give some further comments on the main
modes involved in this study, i.e. those responsible for the
buoyancy instability (Fig. 4) and those responsible for
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the Marangoni instability (Fig. 5). The objective is to see
what features these main modes give to the instability they
trigger.
Concerning the buoyancy instability, most of the
ﬂuctuating kinetic energy (93%) is carried by the ﬁrst
two modes, but the ﬁrst mode is really dominant with
about 60% of this energy. The oscillatory behavior in this
case may therefore be well reproduced by taking into
account the contribution of this ﬁrst mode alone. According to Eqs. (10) and (15), the streamfunction j(x, t) can be
expressed in terms
of the M main modes as
P
jðx; tÞ ¼ j̄ðxÞ þ M
a
ðtÞf
i
i ðxÞ, where j̄ðxÞ and fi ðxÞ are
i¼1
the streamfunctions of the mean ﬁeld, V̄ ðxÞ, and the ith
mode, Ui ðxÞ, respectively, and ai(t) describes the temporal
contribution of Ui ðxÞ. For the case considered here, ai(t) is
shown in Fig. 12a for i ¼ 1, 2, j̄ðxÞ in Fig. 12b, and f1(x) in
Fig. 4a. If we only consider the ﬁrst mode in the expansion
ðM ¼ 1Þ, the streamfunction is given by jðx; tÞ ¼
j̄ðxÞ þ a1 ðtÞf1 ðxÞ. The instantaneous streamlines thus
obtained at two instants indicated by A and B in Fig.
12a are shown in Figs. 12c and d. Points A and B
correspond to the positive and negative extreme values of
a1(t), respectively. It is clear that Figs. 12c and d look
similar to Figs. 3a and b obtained by DNS, which indicates
that the ﬁrst mode is actually the main contributor to the
modiﬁcations of the instantaneous streamlines observed in
Figs. 3a and b. In this ﬁrst POD mode (Fig. 4a), the main

Fig. 12. Time variation of the coefﬁcient a1 and a2 (a), streamlines for the
mean ﬂow (b), and instantaneous streamlines for the reconstructed ﬂow
taking into account the contribution of the ﬁrst mode alone (at instant A
(c) and at instant B (d)) for the buoyancy instability at (Gr ¼ 5.04  106,
Ma ¼ 0).

175

feature is the intense and large roll located in the bottomleft corner of the geometry, i.e., close to the axis of the Cz
crucible. When this roll turns in the same direction as the
mean ﬂow, i.e., anticlockwise (positive values of a1(t)), it
reinforces the ﬂow in the bottom-left corner as observed in
Fig. 3a. Then, when this roll turns clockwise (negative
values of a1(t)), it decreases the intensity of the ﬂow and
modiﬁes the streamlines orientation in this bottom-left
corner as observed in Fig. 3b. The analysis therefore shows
that the oscillatory behavior driven by the buoyancy

Fig. 13. Time variations of coefﬁcient a1 and a2 for the Marangoni
instability at (Gr ¼ 0, Ma ¼ 4.94  104).

Fig. 14. Instantaneous streamlines obtained at four different instants
from the streamfunction jðx; tÞ ¼ a1 ðtÞf1 ðxÞ þ a2 ðtÞf2 ðxÞ for the Marangoni instability at (Gr ¼ 0, Ma ¼ 4.94  104). ‘+’ and ‘’ denote the
rotation direction of roll.
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instability corresponds to a standing wave connected to the
rotation of the main roll of the ﬁrst mode alternatively in
anticlockwise and clockwise directions.
Concerning the Marangoni instability, the ﬁrst two
modes which capture most of the ﬂuctuating kinetic energy
(more than 99%) have similar contributions. The spatial
structure of these two modes (Figs. 5a and b) is similar and
corresponds to multi-rolls appearing near the upper free
surface. These rolls are created in the zone of high
horizontal velocity (and high shear) due to the Marangoni
effect, and their size increases from right to left, in the
direction of the ﬂow. Considering Figs. 5a and b more
attentively, we can see that a spatial shift of half a roll
(equivalent to a quarter of wavelength) exists between the
two modes. Moreover, the time variations a1(t) and a2(t)
associated to these modes (Fig. 13) have the same period T,
but the corresponding signals are shifted by T/4. Such
combination of spatial and temporal shifts is typical of a
traveling wave structure. This is illustrated in Fig. 14,
where is shown a zoom on the instantaneous streamlines
obtained at four different instants from the streamfunction
jðx; tÞ ¼ a1 ðtÞf1 ðxÞ þ a2 ðtÞf2 ðxÞ. A traveling wave structure moving from the right to the left, i.e. in the direction of
the ﬂow, is clearly depicted in this ﬁgure. This traveling
wave structure seems to be a characteristic feature of the
Marangoni instability in our study.
6. Conclusion
Proper orthogonal decomposition (POD) was traditionally used to disclose the basic structures of complicated
ﬂows or to reproduce real-time evolutions with a restricted
number of chosen modes. In this paper, an attempt at
applying POD to analyze the instability of oscillatory ﬂows
driven by several instabilities was conducted. Axisymmetric
Czochralski melt ﬂows involving both buoyancy and
surface tension were used to demonstrate the potentiality
of POD in such a domain. Numerical simulations were
performed to obtain the oscillatory ﬂow ﬁelds at various
sets of the Grashof and the Marangoni numbers. POD was
then used to extract the basic modes. By comparing the
basic modes of the ﬂow driven by both buoyancy and
surface tension with those of the ﬂow driven by a single
effect, the instability responsible for the oscillatory ﬂow
was revealed. In addition, the proposed approach can
indicate the characteristic spatial structures of instabilities,
for example, the basic modes residing in the buoyancy-

induced instability are global and rotating, and those in the
Marangoni-induced instability are localized near the free
surface and traveling. The results suggest that POD could
really be a powerful method of instability analysis. But
more application examples and quantitative analyses are
further required to really assess the potentiality of the
method.
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