
Journal of Crystal Growth 475 (2017) 55–69
Contents lists available at ScienceDirect

Journal of Crystal Growth

journal homepage: www.elsevier .com/locate /crys
Towards wall functions for the prediction of solute segregation in plane
front directional solidification
http://dx.doi.org/10.1016/j.jcrysgro.2017.05.019
0022-0248/� 2017 Elsevier B.V. All rights reserved.

⇑ Corresponding author at: Univ. Grenoble Alpes, INES, F-73375 Le Bourget du
Lac, France, CEA, LITEN, Department of Solar Technologies, F-73375 Le Bourget du
Lac, France.

E-mail address: m.chatelain.m@gmail.com (M. Chatelain).
M. Chatelain a,⇑, S. Rhouzlane b, V. Botton b,c, M. Albaric a, D. Henry b, S. Millet b, D. Pelletier a, J.P. Garandet a

aUniv. Grenoble Alpes, INES, F-73375 Le Bourget du Lac, France, CEA, LITEN, Department of Solar Technologies, F-73375 Le Bourget du Lac, France
b Laboratoire de Mécanique des Fluides et d’Acoustique, CNRS/Université de Lyon, Ecole Centrale de Lyon/Université Lyon 1/INSA Lyon, ECL, 36 Avenue Guy de Collongue, 69134
Ecully Cedex, France
c INSA Euromed, Université Euro-Méditerranéenne de Fès, route de Meknes BP 51, 30000 Fez, Morocco

a r t i c l e i n f o a b s t r a c t
Article history:
Received 3 March 2017
Received in revised form 17 May 2017
Accepted 18 May 2017
Available online 24 May 2017
Communicated by T.F. Kuech

Keywords:
Directional solidification
Segregation
Boundary layer
Turbulent transport
Scaling analysis
The present paper focuses on solute segregation occurring in directional solidification processes with
sharp solid/liquid interface, like silicon crystal growth. A major difficulty for the simulation of such pro-
cesses is their inherently multi-scale nature: the impurity segregation problem is controlled at the solute
boundary layer scale (micrometers) while the thermal problem is ruled at the crucible scale (meters). The
thickness of the solute boundary layer is controlled by the convection regime and requires a specific
refinement of the mesh of numerical models. In order to improve numerical simulations, wall functions
describing solute boundary layers for convecto-diffusive regimes are derived from a scaling analysis. The
aim of these wall functions is to obtain segregation profiles from purely thermo-hydrodynamic simula-
tions, which do not require solute boundary layer refinement at the solid/liquid interface. Regarding
industrial applications, various stirring techniques can be used to enhance segregation, leading to fully
turbulent flows in the melt. In this context, the scaling analysis is further improved by taking into account
the turbulent solute transport. The solute boundary layers predicted by the analytical model are com-
pared to those obtained by transient segregation simulations in a canonical 2D lid driven cavity config-
uration for validation purposes. Convective regimes ranging from laminar to fully turbulent are
considered. Growth rate and molecular diffusivity influences are also investigated. Then, a procedure
to predict concentration fields in the solid phase from a hydrodynamic simulation of the solidification
process is proposed. This procedure is based on the analytical wall functions and on solute mass conser-
vation. It only uses wall shear-stress profiles at the solidification front as input data. The 2D analytical
concentration fields are directly compared to the results of the complete simulation of segregation in
the lid driven cavity configuration. Finally, an additional output from the analytical model is also pre-
sented. We put in light the correlation between different species convecto-diffusive behaviour; we use
it to propose an estimation method for the segregation parameters of various chemical species knowing
segregation parameters of one specific species.

� 2017 Elsevier B.V. All rights reserved.
1. Introduction

The present work is related to solidification from the melt pro-
cesses with sharp solid/liquid interface, like silicon crystal growth.
In such processes solute segregation represents an important issue
regarding material quality. For instance, in the field of photovoltaic
silicon production, the control of dopant concentrations and the
removal of metallic impurities are important parameters regarding
solar cells efficiency [1–3]. The numerical simulation of heat,
momentum and solute transport in the melt is a powerful tool
for process optimizations [4–6]. Nevertheless, the variety of
involved length scales is a drawback for the study of industrial con-
figurations. First of all, a precise description of the furnace thermal
conditions is mandatory for a realistic description of the crystal-
lization process, including growth rate variations and interface cur-
vature. Heat transfers between the main components of the
furnace must be computed, resulting in characteristic dimensions
in the range of meters for industrial scale furnaces [7–9]. On the
other hand, the description of the solute boundary layer at the
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solidification front requires a very thin discretization. For silicon
crystal growth under natural convection, the solute boundary layer
thickness is in the order of 1 mm (assuming a molecular diffusivity
D � 10�8 m2=s and an interface velocity VI � 10 lm=s). The use of
stirring systems to enhance segregation leads to even thinner
solute boundary layers with possibly fully turbulent flows [10–
14]. Therefore, there is a real interest in the development of cou-
pled methods, with heat and momentum transport simulations
on one side and solute transport scaling analysis on the other side.
This simplification of the problem remains reasonable as far as
dilute alloys are concerned, solute concentrations remaining suffi-
ciently low to have negligible influence on heat and momentum
transport.

In their fundamental work on solute segregation, Burton et al.
[15] have established that a key parameter of the segregation prob-
lem is the thickness of the solute boundary layer at the solid/liquid
interface, which is controlled by molecular diffusion and convec-
tive transport in the melt. A definition of the solute boundary layer
thickness d has been proposed by Wilson [16]. This definition
proved to be an efficient way to determine the effective segrega-
tion coefficient keff from a convecto-diffusive parameter D.
Recently, Garandet et al. [17] introduced an analytical model of
the solute boundary layer. This model is derived from a scaling
analysis of the solute transport equation and predicts the
convecto-diffusive parameter from the wall shear-stress at the
solid/liquid interface. In their study, a steady-state 2D lid driven
cavity configuration is used as a reference case for segregation
under various convective regimes. Then, Kaddeche et al. [18] tested
this model on an horizontal Bridgman configuration and compared
it with experimental and numerical results. Both studies highlight
the ability of the model to predict the mean segregation regime
from an averaged value of the wall shear-stress obtained from a
hydrodynamic simulation of the melt convection flow. This model
was also tested in a transient regime with a 2D lid driven cavity
flow [19]. This study shows that the analytical model provides a
good estimate of the lateral segregations using local values of wall
shear-stress at the solid/liquid interface. The model can also
describe transient variations of the segregation regime for low fre-
quency perturbations of the convection regime and solidification
rate, in the limits of the quasi-steady assumption used for the scal-
ing analysis of the solute boundary layer.

The aim of this paper is to demonstrate that an analytical for-
mulation of the solute boundary layer, derived from a scaling anal-
ysis, can provide a meaningful description of segregations
occurring in directional solidification processes. This approach
leads to the definition of solute wall functions describing solute
boundary layers for convecto-diffusive regimes, up to fully turbu-
lent flows. Section 2 is dedicated to the formulation and validation
of such solute wall functions. The original model proposed by
Garandet et al. [17] is revised, in order to account for turbulent
transport inside the solute boundary layer. Solute boundary layers
obtained from these wall functions are compared to numerical
results of segregation in the transient lid driven cavity configura-
tion, which proved to be a meaningful parametric reference case
[19]. In Section 3, the developed analytical model is used to
retrieve segregation profiles from hydrodynamic simulations. An
iterative procedure based on solute mass conservation is proposed
to access solute repartition in the solid. This procedure is applied to
the 2D lid driven cavity configuration and the analytical concentra-
tion fields are directly compared to those obtained numerically.
Finally, Section 4 presents an application of the model for the study
of different species segregation. A correlation between the segrega-
tion parameters of the different species is derived from the solute
boundary layer model.
2. Turbulent transport in solute boundary layers

2.1. Solute boundary layer analytical model

We consider a quasi 1D directional solidification process. A
weakly concentrated liquid metallic blend or semiconductor is pro-
gressively solidified. The plane solidification front progresses in the
z direction. Let us recall that a jump in impurity (or solute) concen-
tration at the solid/liquid interface is imposed between concentra-
tions on the liquid side, CI

L, and the solid side, CI
S, since the impurity

solubility is different in these two phases. Very often a smaller sol-
ubility is observed in the solid than in the liquid, leading to a ther-
modynamic segregation coefficient, k0 ¼ CI

S=C
I
L, smaller than one.

The consequence is that, while the solidification progresses, solute
is rejected from the solid phase towards the liquid phase, which
leads to the formation of a solute boundary layer in the liquid in
the vicinity of the front. Burton et al. [15] explain that solute incor-
poration in the solid depends on the solute boundary layer at the
solidification front. Wilson [16] proposed the following definition
of the solute boundary layer thickness:

d ¼ CI
L � C1

L

�ð@CL=@zÞI
; ð1Þ

where CI
L and C1

L stand for solute mass fraction in the liquid at the
solid/liquid interface and outside the solute boundary layer, respec-
tively. Assuming negligible diffusion in the solid, solute conserva-
tion at the interface is given by:

�D
@CL

@z

����
I

¼ VIð1� k0ÞCI
L; ð2Þ

with D the solute molecular diffusivity in the liquid (m2/s), VI the
interface velocity (m/s) and k0 the thermodynamic segregation
coefficient. The effective segregation coefficient is then defined by:

keff ¼ k0C
I
L

C1
L

¼ k0
1� ð1� k0ÞD ; ð3Þ

where the convecto-diffusive parameter D represents the normal-
ized solute boundary layer thickness:

D ¼ dVI

D
¼ CI

L � C1
L

CI
Lð1� k0Þ

; ð4Þ

since the solute boundary layer thickness for a purely diffusive
regime is given by the ratio D=VI .

The analytical model proposed by Garandet et al. [17] describes
the solute boundary layer in convecto-diffusive regimes. It is
derived from a scaling analysis of the solute transport equation
in the liquid phase. At first, the analysis was presented for the
lid-driven cavity configuration, but it can easily be transposed to
other configurations. We shall consider here the general case of a
boundary layer flow developing over a plane solidification front.
This configuration is presented in Fig. 1. A boundary-layer flow
develops over the solid/liquid interface, from an impingement
point (on the right side) to a separation point (on the left side).
The characteristic length over which the boundary layer flow takes
place is denoted lc , and the vertical velocity gradient at the inter-
face leads to a wall shear-stress s ¼ lð@u=@zÞz¼0, with u the veloc-
ity component parallel to the interface (m/s) and l the liquid
dynamic viscosity (Pa s).

As explained in former studies [17,20], the scaling analysis of
the solute transport equation leads to a simplified equation for d:

D
d
¼ VI �wðdÞ; ð5Þ



Fig. 1. Boundary layer flow configuration (impingement and separation points,
characteristic length lc , interface velocity VI , schematic flow pattern and interface
shear-stress s).

M. Chatelain et al. / Journal of Crystal Growth 475 (2017) 55–69 57
where wðdÞ stands for the convection velocity normal to the inter-
face, at the edge of the solute boundary layer. As proposed by
Garandet et al. [17], this term can be estimated from the wall
shear-stress at the solid/liquid interface s, assuming a linear veloc-
ity profile inside the solute boundary layer for the tangential com-
ponent u. Eq. (5) can then be rewritten in the dimensionless form:

1� D� BD3 ¼ 0: ð6Þ
With this formulation, the convecto-diffusive parameter D is

computed from a unique dimensionless parameter denoted B and
defined by:

B ¼ sD2

V3
I llc

: ð7Þ

In the following, the analytical solution of Eq. (6) proposed by
Garandet et al. [17] is referred to as Dth. Fig. 2 presents the evolu-
tion of Dth as a function of B. The transition between diffusive
(Dth ¼ 1) and convective regimes (Dth � B�1=3) occurs for B � 1. To
perform this analysis, Garandet et al. [17] assume negligible turbu-
lence effects within the solute boundary layer. For all convective
regimes, the solute boundary layer is supposed to remain thinner
than the viscous sublayer of the velocity boundary layer (which
leads to the assumption of a linear velocity profile in the solute
boundary layer). This assumption is, however, questionable when
fully developed turbulent flows are involved. Numerical simula-
tions in quasi-steady [17] and transient [19] configurations high-
light the limits of this assumption and show that Dth significantly
overestimates the convecto-diffusive parameter D for moderate
Fig. 2. Evolution of Dth and Dvsl ¼ dvslðVI=DÞ with B. To define Dvsl liquid silicon
properties are used (q ¼ 2550 kg=m3 and l ¼ 7:5� 10�4 Pa s), the interface veloc-
ity is set at VI ¼ 10 lm=s, the characteristic length lc is set at 0.2 m and dþvsl is set at
5.
to high values of B. Moreover, the value of B above which discrep-
ancies occur is seen to depend on the considered impurity and on
the growth conditions, through the value of D and VI .

The thickness of the viscous sublayer dvsl is classically normal-
ized by means of the inner length scale m=us, where m ¼ l=q stands
for the kinematic viscosity (m2/s) and us ¼

ffiffiffiffiffiffiffiffiffi
s=q

p
represents the

friction velocity (m/s), q being the liquid density (kg/m3). The
dimensionless thickness of the viscous sublayer dþvsl, is then
expressed by the following relation:

dþvsl ¼ dvsl
us
m
: ð8Þ

In the literature [21], dþvsl is considered to be of the order of 5 (in
wall units). In order to compare dvsl to the thickness of the solute
boundary layer, it is useful to normalize by D=VI . Introducing
D=VI and B in Eq. (8), we can express the normalized viscous sub-
layer thickness Dvsl by the following relation:

Dvsl ¼ dvslðVI=DÞ ¼ dþvslðBReVI Þ�1=2
; ð9Þ

where the parameter ReVI ¼ ðVIlcÞ=m is a Reynolds number based on
the interface velocity. Using Eq. (9), viscous sublayer and solute
boundary layer thicknesses can be compared in a dimensionless
form. The evolution of Dvsl with B is also given in Fig. 2. Here liquid
silicon properties are used with q ¼ 2550 kg=m3 and
l ¼ 7:5� 10�4 Pa s. The interface velocity is set at VI ¼ 10 lm=s,
the characteristic length lc is set at 0.2m and the dimensionless vis-
cous sublayer thickness is dþvsl ¼ 5. For moderate convective
regimes, Dth remains smaller than Dvsl. But when B increases, Dth

tends to B�1=3 whereas Dvsl is proportional to B�1=2. A critical regime
is necessarily found with a viscous sublayer getting as thin as the
solute boundary layer. This critical regime is not universal but
depends on configuration parameters. Beyond this limit, turbulent
transport should not be neglected within the solute boundary layer.

At this point, we should highlight that a recent study from
Altenberend et al. [22] was also dedicated to the influence of tur-
bulent boundary layers on solute segregation during silicon solid-
ification. This theoretical, numerical and experimental study
focuses on a 1D parallel flow (Couette configuration). It confirms
that, when high growth rates are achieved, a high stirring velocity
and turbulent transport in the solute boundary layer is required for
an efficient segregation. A theoretical model based on turbulent
boundary layers properties is proposed and leads to the definition
of a threshold value of the stirring velocity to ensure an efficient
segregation.

In order to study high convective regimes, generated by stirring
systems for instance, the original scaling analysis proposed by
Garandet et al. [17] should be revised to account for turbulent
transport in the solute boundary layer. To describe turbulent trans-
port we rely on a standard turbulence model [21] based on the Rey-
nolds decomposition and the definition of an eddy viscosity mt (m2/
s). A turbulent diffusivity Dt can be defined through a turbulent
Schmidt number Sct ¼ mt=Dt . In this study, the turbulent Schmidt
number is assumed to be constant. Reference studies [23,24] pro-
vide a reasonable value of Sct ¼ 0:7. It is worth mentioning, how-
ever, that the definition of Sct is still an open question. Some
studies suggest that it should be a function of several parameters,
including the distance from the wall [25,26]. In the frame of our
work, the solute transport equation in the liquid is:

@CL

@t
þ ðu! �rÞCL ¼ r � ðDþ DtÞrCL½ �: ð10Þ

CL and u
!

stand for the solute mass fraction in the liquid and the
mean velocity field (m/s), respectively. Here the word ‘‘mean” refers
to the RANS approach, turbulent fluctuations influence being
accounted for by Dt . Considering a one dimensional steady-state
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configuration, in a frame moving with the interface and with z
pointing from the solid to the liquid, Eq. (10) becomes:

D
@2CL

@z2
þ @

@z
Dt

@CL

@z

� �
þ ðVI �wÞ @CL

@z
¼ 0; ð11Þ

where w stands for the mean convection velocity normal to the
interface. Thereafter, we should follow the scaling procedure pro-
posed by Garandet et al. [20]. But further information about the tur-
bulent diffusion term Dtð@CL=@zÞ is first required. On one hand, the
turbulent diffusivity Dt is null at the interface and increases with z.
On the other hand, the vertical concentration gradient @CL=@z is
negative in the solute boundary layer. The product Dtð@CL=@zÞ then
decreases from 0 to reach a negative value at z ¼ d. In a scaling anal-
ysis framework, the derivative @½Dtð@CL=@zÞ�=@z can then be consid-
ered as negative inside the solute boundary layer. This negative sign
is consistent since turbulent diffusion is introduced to describe tur-
bulent convective transport of the solute away from the interface.

To perform the scaling of Eq. (11) we consider that the solute
concentration variation in the solute boundary layer is given by
Dc ¼ CI

L � C1
L . Using Wilson’s definition of the solute boundary

layer thickness d, in an order of magnitude approach Eq. (11)
becomes:

D
Dc

d2
� DtðdÞDc

d2
� ðVI �wðdÞÞDc

d
¼ 0; ð12Þ

or, after simplification by Dc=d:

D
d
� DtðdÞ

d
¼ VI �wðdÞ: ð13Þ

This equation is similar to the equation proposed by Garandet
et al. [20] (Eq. (5)), with an additional term for turbulent diffusion.
The estimation of d through Eq. (13) requires a definition of the
velocity and turbulent diffusivity profiles in the solute boundary
layer. We first consider a general expression of the mean tangential
velocity component:

uðzÞ ¼ f ðzÞ: ð14Þ
As proposed by Garandet et al. [17], mass continuity equation

for an incompressible flow can be used to connect tangential and
normal convection velocity components:

@u
@x

þ @w
@z

¼ 0: ð15Þ

We suppose that u varies along the interface on a characteristic
length lc , over which the boundary layer flow occurs. We also con-
sider that w varies in the vertical direction on a characteristic
length given by the distance z along the normal to the interface.
From an order of magnitude point of view, Eq. (15) leads to:

w
z
� � u

lc
: ð16Þ

The mean convection velocity normal to the interface can thus
be expressed by:

wðzÞ � � z
lc
f ðzÞ: ð17Þ

The solute boundary layer thickness can be linked to diffusion
and turbulent convective transport by the following general
equation:

D
d
� mtðdÞ

Sctd
¼ VI þ d

lc
f ðdÞ: ð18Þ

The resolution of Eq. (18) relies on a meaningful choice for
velocity and turbulent viscosity profiles in the solute boundary
layer in order to define f ðzÞ and mt=Sct at z ¼ d. Numerical results
[17,19] show that for fully turbulent regimes the solute boundary
layer becomes thicker than the viscous sublayer but does not
extend much in the buffer layer which lies between zþ ¼ 10 to
50 (with zþ ¼ zus=m). In this case, Rannie’s formula [21] gives a
good description of the mean velocity profile until zþ � 27:5:

uþðzÞ ¼ A tanh
zþ

A

� �
; ð19Þ

where uþ ¼ u=us and A ¼ 14:53 is an empirical constant. Other
famous velocity profiles, such as Von Karman formula [21], could
be used depending on the flow configuration. Here we choose Ran-
nie’s formula because it provides a simple, unique and differentiable
expression of the velocity when zþ is in the interval ½0; 27:5�. The
eddy viscosity can, for instance, be expressed by a mixing length
model:

mtðzÞ ¼ l2
@u
@z

����
����; ð20Þ

where the mixing length l can be defined by Van Driest formula [27],
which remains valid inside the viscous sublayer:

l ¼ jz 1� e�zþ=c
� �

; ð21Þ

where j ¼ 0:4 is the Von Karman constant and c ¼ 26 is another
empirical constant. As for the normal velocity component, the order
of magnitude of @u=@z is given by:

@u
@z

� u
z
� f ðzÞ

z
: ð22Þ

Here again, other turbulence models could be used as well. The
benefit of the mixing length model is to remain simple enough to
allow an analytical approach. Introducing Rannie’s velocity profile
and the mixing length model in Eq. (18), we obtain the following
equation for the solute boundary layer thickness:

D
d
� j2

Sct
1� e�dus=ðmcÞ� 	2

Aus tanh
dus
Am

� �

¼ VI þ d
lc
Aus tanh

dus
Am

� �
: ð23Þ

Numerical resolution of Eq. (23) provides an estimate of d for
any convective regime, as long as the assumption of a boundary
layer flow at the solid/liquid interface remains valid.

In order to extract the influence of the different parameters, Eq.
(23) can be simplified by linearisation of convection and turbulent
diffusion terms. For convective regimes, d is expected to remain
small, allowing the following approximations:

Aus tanh
dus
Am

� �
� u2

s
m
d; ð24Þ

and

1� e�dus=ðmcÞ� 	2
Aus tanh

dus
Am

� �
� u2

s
m

us
mc

� �2
d3: ð25Þ

After substitution in Eq. (23) and introducing D and B, we
obtain:

1� D� BD3 � j
c

� �2 Sc
Sct

Re2VI
B2D4 ¼ 0: ð26Þ

Once again, this equation is equivalent to the equation pro-
posed by Garandet et al. [17] (Eq. (6)) with an additional term
for turbulent transport. Here we focus on strong convective
regimes. The first order term D can be neglected since the interface
velocity VI is small compared to the convection velocity w (see Eq.
(13)). Considering high values of B and defining a new parameter



Fig. 4. 2D lid driven cavity configuration (geometry, interface velocity VI , lid
velocity VL and schematic flow pattern).
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w ¼ ðj=cÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sc=Sct

p
ReVI , the asymptotic regime is given by:

D ¼ ðwBÞ�1=2
: ð27Þ

Introducing expression (27) in Eq. (6), it is possible to define a
critical value Bc beyond which turbulent transport needs to be
taken into account:

Bc ¼ 1
w

1þ 1
w

� �2

: ð28Þ

This critical value Bc depends on interface velocity and solute
molecular diffusivity. The evolution of Bc as a function of w is given
in Fig. 3. Two asymptotic regimes can be identified: Bc � w�1 for
w � 1 and Bc � w�3 for w 	 1. Bc also defines the validity range
of Eq. (6). For moderate convective regimes (B < Bc), the model
proposed by Garandet et al. [17] (solution of Eq. (6)) provides a
good estimate of D. For stronger convective regimes with fully tur-
bulent flows (B > Bc), D can be obtained from Eq. (23) or estimated
through the asymptotic regime (27).

2.2. Validation against numerical results

In this section the analytical model is confronted with numeri-
cal results of solute segregation in a silicon directional solidifica-
tion process. A 2D lid driven cavity configuration is used as a
reference test case (Fig. 4). A detailed presentation of the problem
is provided in a previous publication [19]. Main information about
the numerical procedure is briefly reminded here.

Momentum and solute transport equations are solved in a 2D
domain. The configuration is described in Fig. 4. The cavity width
is L ¼ 0:2 m and the liquid height at initialization is
Hðt0Þ ¼ 0:18 m. A lid driven cavity flow is used to impose convec-
tion in the liquid. The convection regime is defined by a single
dimensionless parameter, namely the Reynolds number
ReL ¼ VLL=m. The lid velocity VL is imposed at the top surface of
the cavity and no-slip conditions are used on the lateral walls
and the solid/liquid interface. The realizable k� e turbulence model
[28] is used for turbulent configurations (ReL P 104) and the turbu-
lent Schmidt number is fixed at 0:7. Transient simulations are per-
formed in order to compute solute incorporation in the solid. The
solidification front is assumed to be plane and moves at an
imposed velocity VI . Mass and solute fluxes through the solid/liq-
uid interface are accounted for by local source terms, as defined
in previous works [17,29,30]. Solute incorporation in the solid is
defined by the thermodynamic segregation coefficient k0, which
is set at 0:3 in this study. Regarding spatial discretization, the mesh
is refined at the interface to ensure a precise description of the
Fig. 3. Critical value Bc as a function of w.
solute boundary layer. Far from the interface the mesh is uniform
with 2 mm � 2 mm cells and the first cell adjacent to the interface
is 5 lm high, except for ReL ¼ 107 configurations where it is
reduced to 1 lm. A mesh independence test was performed and
described in the previous publication [19]. This test confirmed that
the spatial discretization is sufficient for the resolution of the fluid
flow and solute transport. The problem is solved with the commer-
cial code ANSYS FLUENTTM [28].

A parametric study is performed with ReL varying from 102 to
107; D varying from 10�9 m2/s to 10�7 m2/s and VI varying from
2.8 lm/s to 70 lm/s. The same range of parameters was used by
Garandet et al. [17] in order to investigate the segregation of vari-
ous species during photovoltaic silicon crystallization or purifica-
tion by directional solidification. Liquid silicon properties are
used for fluid density q and dynamic viscosity l. The initial solute
mass fraction in the liquid is set at C0 ¼ 20 ppmw (part per million
weight) and the simulations are performed until solid fraction f S
reaches 89%. Typical solute mass fraction fields in the solidified
ingots obtained for the different convective regimes are presented
in Section 3.

Three velocity fields obtained at different steps of the solidifica-
tion process (corresponding to different solid fractions) for the tur-
bulent regime ReL ¼ 105 are reported in Fig. 5. The flow comprises
a main vortex filling the major part of the cavity and secondary
vortices in the corners. Characteristic points are identified at the
growth front where the shear-stress is null. Trajectories of these
points during the solidification are drawn as black dots. As the liq-
uid height is reduced, the secondary vortices are more and more
confined in the corners and the characteristic points are shifted
to the lateral walls. The precedent publication [19] already pointed
out the correlation between segregation patterns and characteris-
tic points locations at the solid/liquid interface. Fig. 6 presents sev-
eral profiles of the convecto-diffusive parameter recorded at
various solidification times, for ReL ¼ 105 and ReL ¼ 107 (in these
cases D ¼ 10�8 m2=s and VI ¼ 10 lm=s). Characteristic points loca-
tions are also drawn as black dots. We can see that D peaks are
localized near some of the characteristic points or close to the lat-
eral walls, which confirms the correlation between the flow topol-
ogy and the mass transfer at the solidification front.

Span averaged values of B (from Eq. (7)) and D (from Eq. (4))
along the solidification front are recorded every time the interface



Fig. 5. Velocity field for the turbulent regime ReL ¼ 105 at different steps of the solidification process. Black dots represent trajectories of characteristic points with zero
shear-stress at the solid/liquid interface.

(a) ReL = 105 (b) ReL = 107

Fig. 6. Convecto-diffusive parameter profiles at different solidification times for ReL ¼ 105 (a) and ReL ¼ 107 (b) (D ¼ 10�8 m2=s and VI ¼ 10 lm=s). Black dots represent
locations of characteristic points with zero shear-stress at the solid/liquid interface.
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moves 1 cm upwards, and noted hBi and hDi. To compute the
parameter B, we assume that the characteristic length lc is directly
given by the cavity width L. As explained by Garandet et al. [17],
this amounts to consider that a unique recirculation is filling the
whole cavity and neglects secondary vortices. This assumption is
acceptable here since we are studying laterally averaged values.
We will see, however, in the next section, that specific characteris-
tic lengths can be defined for the different vortices, in order to
enhance lateral segregations description. Results are presented in
Fig. 7 and referred to as ‘‘transient” data. In Fig. 7(a) the molecular
diffusivity is set at D ¼ 10�8 m2=s and different interface velocities
are investigated. In Fig. 7(b) the interface velocity is set at
VI ¼ 10 lm=s and different diffusivities are considered. The differ-
ent dot groups refer to the different Reynolds numbers used for
each value of D and VI . These results are compared to the analytical
model proposed by Garandet et al. [17], referred to as Dth. Numer-
ical results obtained in a quasi-steady configuration [17] are also
presented and referred to as ‘‘quasi-steady” data.

For all tested values of D and VI , the same general trend is
observed: numerical results (transient and quasi-steady) diverge
from Dth for high convective regimes, or more precisely for high
values of the product wB. The divergence occurs around the critical
value Bc predicted by relation (28). This critical value is reported in
Fig. 7(a) for VI ¼ 2:8 and 70 lm/s cases (with D ¼ 10�8 m2=s) and is
equal to 207 and 0.3, respectively.

For each investigated values ofD andVI , Eq. (23) is solved numer-
ically and referred to as ‘‘analytical” data in Fig. 7. A good agreement
is observed with numerical results for any convective regime. The
asymptotic regime provided by Eq. (27) is also presented in Fig. 7
(a) for VI ¼ 2:8 and 70 lm/s, and referred to as ‘‘asymptote” data.
It provides a good estimate of D for high convective regimes
(B > Bc). It appears that a simple way to define the solute boundary
layer for any convective regime is to combine the analytical model
proposed by Garandet et al. [17] (solution of Eq. (6)) for diffusive
andmoderate convective regimes,with the asymptotic regimegiven
by Eq. (27) for fully developed turbulent regimes. The transition
between these solutions is defined by the critical value Bc (28).

The last dots groups of each series of transient numerical results
(i.e. the groups obtained for the highest values of B) refer to
ReL ¼ 107 configurations. For this hydrodynamic regime, a large
variation of hDi is observed during the first half of the solidification,
whereas hBi remains almost unchanged. This dispersion is
explained by the progressive confinement of the secondary recir-
culations at the lateral walls. The concentration peaks associated
with characteristic points have, indeed, smaller amplitudes as
solidification proceeds (see Fig. 6(b)) and therefore less and less
effect on the span averaged value hDi. To exclude this effect from
results analysis, local values of B and D at the center of the interface
(x ¼ 0:1 m) are recorded after an interface displacement of 1cm. In
this case, the chosen point is sufficiently far from the characteristic
points, and concentration peaks have no influence on the measured
values. These values are reported in Fig. 7 as black crosses. The
agreement with the developed analytical model appears to be
excellent when 2D effects are ignored.



Fig. 7. hDi as a function of hBi for different solidification conditions (mean values obtained along the interface). Influence of VI (a) and D (b) on numerical and analytical
results. Quasi-steady data refer to Garandet et al. [17] numerical results, transient data refer to our simulations, analytical data refer to the solution of Eq. (23), asymptote data
refer to the asymptotic regime provided by Eq. (27) and Dth refers to the analytical model proposed by Garandet et al. [17]. Black crosses (�) represent transient numerical
results obtained for ReL ¼ 107 at the center of the interface and for a solidified height of 1 cm. Critical values Bc obtained from Eq. (28) for VI ¼ 2:8 and 70 lm/s
(D ¼ 10�8 m2=s) are indicated by vertical dashed lines.
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These results confirm that the introduction of a turbulent diffu-
sion term in the scaling analysis allows the estimation of the seg-
regation even for fully turbulent flows. This analytical model
provides an opportunity to compute concentration fields in solidi-
fied ingots without performing a numerical resolution of the solute
boundary layer. This is the topic of the next section.
3. Segregation patterns from hydrodynamic simulations

In this section, a procedure to compute concentration fields in
solidified ingots, from convection simulation data in the liquid
phase and the developed analytical model, is proposed. The
method is applied to the 2D lid driven cavity configuration. Wall
shear-stress profiles at the solidification front are obtained during
the hydrodynamic simulation of the solidification process. They are
used as input data for the analytical segregation computation, per-
formed under MatlabTM. The description of lateral segregations is
improved by the fluid flow structure analysis. The analytical results
are compared to the numerical concentration fields obtained by
complete simulations including solute transport and segregation.

3.1. Computation procedure

A flow chart of the proposed computation procedure is pre-
sented in Fig. 8. This procedure consists of three main steps. First,
a directional solidification simulation is performed. The aim of this
simulation is to compute the convection flow in the liquid phase.
Solute transport is not considered at this stage. Shear-stress pro-
files at the interface (sðxÞ) are recorded at each time-step of the
transient simulation.

In a second step, the solute boundary layer analytical model is
used to determine segregation parameters along the solidification
front. Profiles of parameter B are computed from the local values of
s using Eq. (7). D profiles are then deduced from the analytical
model (see Section 2) and effective segregation coefficient profiles
(keff ðxÞ) are obtained from Eq. (3). For a good description of lateral
segregations, specific points should be considered at this stage, like
the definition of the characteristic length lc and the validity of the
analytical model at separation and impingement points. These
issues are discussed in Section 3.2.

Finally, the third step is dedicated to the computation of the
solute repartition in the solid phase from an iterative procedure
performed under MatlabTM. keff is defined as the ratio between the

solute concentration in the solid phase at the interface CI
S and

the liquid phase concentration far from the interface C1
L . Thus,

the estimation of C1
L , through an iterative computation based on

solute mass conservation in the liquid and solid phases, will allow
to get CI

SðxÞ and then to obtain the concentration field in the solid.
To compute the concentration field in the solid, the initial tran-

sient related to the formation of the solute boundary layer has to



Fig. 8. Flow chart of the procedure for segregation computation using the solute boundary layer analytical model.
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be considered. A simplified solution of this initial transient was
proposed by Garandet et al. [31] for convecto-diffusive regimes.
This solution is derived from a scaling analysis in a 1D configura-
tion and leads to the following definition for the characteristic
length of the initial transient zT (m):

zT ¼ DD2

VI½1� ð1� k0ÞD� : ð29Þ

The concentration in the solid is then given by the following
relation:

CSðx; zSÞ ¼ C1
L ðtÞkeff ðx; tÞ 1� ð1� k0ÞDðx; tÞ exp � zS

zTðx; tÞ
� �
 �

;

ð30Þ
where zS ¼ tVI represents the solidified length (m). Compared to the
original expression proposed by Garandet et al. [31], the initial con-
centration C0 is replaced by C1

L ðtÞ in Eq. (30) to account for solute
accumulation in the liquid. The original publication was dedicated
to the initial transient, when the liquid concentration can reason-
ably be approximated by the initial concentration C0. The modified
Eq. (30) is valid for the complete solidification process, but needs an
estimation of C1

L , which will be obtained in two steps.
First, assuming an homogeneous concentration C0 in the liq-

uid at the beginning of the solidification, the mean solute con-
centration in the liquid CLmean is easily obtained at each time-
step by solute mass conservation. Then, the expression of the
concentration profile in the liquid phase CLðzÞ, proposed by
Garandet [32] for a convecto-diffusive regime, will be used for
each abscissa x:

CLðx; zÞ ¼ C1
L 1þ DðxÞð1� k0Þ

1� DðxÞð1� k0Þ exp � z
dðxÞ

� �
 �
: ð31Þ

This equation is derived in a steady-state regime and neglects
the initial transient of the solute boundary layer formation.
Another expression was proposed later to account for the initial
transient [31]. But this expression is too much complex for an ana-
lytical integration and the precision improvement would remain
limited, especially for high convective regimes where the initial
transient is very short. The concentration profile (31) can be inte-
grated on the liquid height H and the cavity width L. This integral
can be evaluated as HLCLmean and the bulk concentration C1

L can be
obtained from CL mean;H; d and D by:
C1
L ¼ CL mean

1þ dðxÞ
H

DðxÞð1�k0Þ
1�DðxÞð1�k0Þ 1� exp � H

dðxÞ

� �� �h iD E : ð32Þ

The notation h�i refers to a span average on the cavity width. The
assumption of an homogeneous liquid phase outside the solute
boundary layer seems reasonable when turbulent convection is
involved. Considering the numerical results presented in a previ-
ous publication [19], this hypothesis becomes more than question-
able for laminar flows, and the definition of a bulk concentration is
not so plain.

3.2. Lateral segregations description

The aim of the procedure is to give a realistic picture of axial
and lateral segregation patterns in the solid. Therefore, local varia-
tions of the solute boundary layer thickness along the solidification
front must be estimated. For this purpose, local values of D are
computed from local values of wall shear-stress along the inter-
face. However, the scaling analysis presented in Section 2 requires
the definition of a characteristic length lc for the lateral variations
of the convection velocity along the solid/liquid interface. As
explained in Section 2.2, Garandet et al. [17] define this length as
the cavity width L. But the study of the lid driven flow topology
shows that multiple recirculations occur in the cavity and have a
significant influence on lateral segregations [19]. The positions
and sizes of these vortices are controlled by the lid velocity magni-
tude and the aspect ratio of the cavity HðtÞ=L. An evolution of the
flow topology can be observed during the solidification process
(see Fig. 5). To account for this phenomenon, a detection procedure
of the characteristic points at the solid/liquid interface is used. The
characteristic points are defined as the locations where the wall
shear-stress is null (such points are shown in Fig. 5). The recircula-
tions lengths are then obtained by the distance between two char-
acteristic points, or between a characteristic point and the adjacent
lateral wall for corner recirculations. These lengths are determined
at each time-step of the solidification and provide a meaningful
description of the flow structure in the cavity (Fig. 9 presents a
schematic flow comprising three recirculations with different char-
acteristic lengths). The parameter B is then defined locally at each
point of the solidification front as:

Bðx; tÞ ¼ sðx; tÞD2

V3
I llcðx; tÞ

; ð33Þ



Fig. 9. 2D lid driven cavity configuration and schematic flow pattern with three
recirculations; definition of recirculation lengths lc1; lc2 and lc3.
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where lcðx; tÞ is the characteristic length of the recirculation that
sweeps this point of the front.

Besides, the analytical model of the solute boundary layer is
based on the assumption of a boundary layer flow parallel to the
solid/liquid interface (see Eq. (19)). This assumption is reasonable
on the major part of the interface, but is incorrect in the vicinity
of the characteristic points, fluid flow being there fully two-
dimensional. This limitation has already been pointed out in previ-
ous publications [3,19]. To discuss this issue, two cases must be
distinguished: separation and impingement points. As an example,
Fig. 10 presents a typical profile of the convecto-diffusive parame-
ter D along the interface. This profile comes from a segregation
simulation in the 2D lid driven cavity configuration, for a Reynolds

number of ReL ¼ 104. In this case, two separation points and two
impingement points are found at the interface.

At the separation points the flow is leaving the interface (w > 0
with our choice of referential). The numerical results highlight con-
centration peaks at these locations associated with peaks in the
solute boundary layer thickness (see Fig. 10). Solute accumulation
at the separation points comes from lateral convective fluxes from
the adjacent vortices. The D peak magnitude depends on the global
convective regime in the cavity. The analytical model also predicts
such a peak since D tends to 1 when s tends to zero. But the mag-
nitude of this analytical peak has no physical link with the convec-
tion intensity. Therefore, analytical segregation profiles at
separation points remain solely qualitative.
Fig. 10. Numerical and analytical convecto-diffusive parameter profiles along the
solidification front, DðxÞ, for ReL ¼ 104 and a solid fraction f S ¼ 0:44; illustration of
the spline interpolation procedure at impingement points.
At impingement points the flow is directed toward the interface
(w < 0) and the numerical simulations predict a local minimum of
the solute concentration associated with a minimum of the solute
boundary layer thickness. This seems physically sound since the
flow is bringing low concentrated liquid from the bulk at the inter-
face. The wall shear-stress is, however, null at these points, so that
the analytical model predicts a maximum for the solute boundary
layer thickness (D tending to 1). To overcome this limitation of the
analytical model, a spline interpolation procedure is used to
remove D peaks associated to impingement points. Fig. 10 presents
the analytical profile of the convecto-diffusive parameter, which is
computed thanks to the solute boundary layer model presented in
Section 2. Two local maxima related to impingement points can be
identified on this profile. The dotted curve represents the profile
obtained with the spline interpolation procedure.
3.3. Analytical concentration fields

The segregation computation procedure is applied to the tran-
sient lid driven cavity configuration. Numerical simulations of seg-
regation in silicon are performed for Reynolds numbers ranging
from ReL ¼ 102 to ReL ¼ 107. The solidification rate is fixed at
VI ¼ 10 lm=s, the molecular diffusivity is D ¼ 10�8 m2=s, the seg-
regation coefficient is k0 ¼ 0:3 and the initial concentration is set
at C0 ¼ 20 ppmw. Liquid silicon properties are used for fluid den-
sity and dynamic viscosity. The simulations are performed until
solid fraction reaches 89%. The profiles of wall shear-stress at the
solid/liquid interface are recorded at each time-step of the simula-
tion. These profiles are used as input data for the computation of
the solute repartition in the solid from the analytical model. The
resulting concentration fields are compared to the numerical
results, which have already been presented in a previous publica-
tion [19]. Regarding analytical segregation computation, the local
values of B are compared to the critical value Bc and the local
convecto-diffusive parameter D is computed from the solution of
Eq. (6) when B < Bc or from Eq. (27) when B > Bc. The iterative pro-
cedure described in Section 3.1 is then applied to progress from
one time step to the next one.

Figs. 11 and 12 compare numerical and analytical concentration
fields in the solidified ingot, obtained for ReL ¼ 107 and 106. For
these turbulent regimes, lateral segregations are weak, with almost
horizontal iso-concentration lines. Figs. 11(c) and 12(c) present the
relative deviation between the numerical and analytical concentra-
tions. Mean and maximum relative deviations are respectively 0.5%
and 52% for ReL ¼ 107 and 1% and 110% for ReL ¼ 106. Fig. 12(c)
shows that the maximum errors are located at the main recircula-
tion separation point, as explained in Section 3.2.

Figs. 13 and 14 present the results obtained for the turbulent
regimes ReL ¼ 105 and 104. The lower convection intensity leads
to more significant lateral segregations. The analytical model pro-
vides a very good estimate of local curvatures of iso-concentration
lines. The qualitative influence of the main recirculation separation
point is also well retrieved. For ReL ¼ 105, the mean relative devia-
tion on the concentration field is 3.7% and the maximum local rel-
ative deviation is 140%. For ReL ¼ 104, mean and maximum relative
deviations are 6.3% and 72%, respectively. The highest errors are
located at the separation points and also near the lateral walls.
Indeed, when an impingement point is close to a lateral wall, the
spline interpolation procedure is difficult to perform and becomes
less accurate.

Figs. 15 and 16 present concentration fields in the solid for lam-
inar regimes ReL ¼ 103 and 102. The agreement between analytical
and numerical results is not as good as for turbulent regimes. For
ReL ¼ 103, the lateral segregations are under estimated. The



(a) Numerical result (b) Analytical result (c) Relative deviation (%)

Fig. 11. Numerical and analytical concentration fields in the ingot solidified under the turbulent convection regime ReL ¼ 107. In this figure and in those following (Figs. 11–
16), concentrations are given as mass fractions and relative deviation colormaps are limited to 25% to enhance the contrast. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

(a) Numerical result (b) Analytical result (c) Relative deviation (%)

Fig. 12. Numerical and analytical concentration fields in the ingot solidified under the turbulent convection regime ReL ¼ 106.

(a) Numerical result (b) Analytical result (c) Relative deviation (%)

Fig. 13. Numerical and analytical concentration fields in the ingot solidified under the turbulent convection regime ReL ¼ 105.
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previous publication [19] explained that the concentration in the
liquid phase is very inhomogeneous for this configuration. At the
separation point of the main recirculation, the numerical simula-
tion predicts a convecto-diffusive parameter greater than 1. The
analytical model is based on the assumption of an homogeneous
liquid phase outside the solute boundary layer. It cannot lead to
a convecto-diffusive parameter larger than 1, which explains the
under estimation of the lateral segregations. This particular regime
is, indeed, very close to the convecto-diffusive transition and it is
not surprising that the extension of our 1D model to a 2D configu-
ration leads to relatively poor results in this case. For ReL ¼ 102, the
lateral segregations are also under estimated by the analytical
model. These lateral segregations are, however, less pronounced
than for ReL ¼ 103 and the overall segregation regime is very close
to pure diffusion. Mean and maximum relative deviations are
respectively 10% and 71% for ReL ¼ 103 and 1.6% and 16% for
ReL ¼ 102.

Fig. 17 presents normalized longitudinal segregation profiles.
The notation hCSi refers to the averaged concentration in the hori-
zontal direction, x. Turbulent flows (ReL ¼ 104 to 107) lead to con-
vective segregation regimes with an effective segregation
coefficient getting closer to k0 as ReL increases. For these convective
regimes, the analytical model provides a very good estimate of the
longitudinal segregation. The initial transients observed for turbu-
lent regimes are well described by the approximated solution



(a) Numerical result (b) Analytical result (c) Relative deviation (%)

Fig. 14. Numerical and analytical concentration fields in the ingot solidified under the turbulent convection regime ReL ¼ 104.

(a) Numerical result (b) Analytical result (c) Relative deviation (%)

Fig. 15. Numerical and analytical concentration fields in the ingot solidified under the laminar convection regime ReL ¼ 103.

(a) Numerical result (b) Analytical result (c) Relative deviation (%)

Fig. 16. Numerical and analytical concentration fields in the ingot solidified under the laminar convection regime ReL ¼ 102 (a different color scale is used to enhance the
contrast).
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given by Eq. (30). Laminar flows (ReL ¼ 102 and 103) lead to an
almost purely diffusive regime with a constant averaged concen-
tration after the initial transient. For ReL ¼ 102, the agreement with
numerical results is also very good. The concentration is only
slightly overestimated at the end of the initial transient, for solid
fractions laying between 0.05 and 0.1. This error can be reduced
by using the exact solution proposed by Garandet et al. [31] for
the initial transient in a convecto-diffusive regime. For ReL ¼ 103,
the agreement between the analytical and the numerical results
is not so good. The analytical concentration is underestimated for
solid fractions between 0.05 and 0.6. This issue is related to the
poor description of the solute transport at the separation zone of
the main recirculation. A further consequence is that, due to solute
mass conservation, the concentration is overestimated at the end
of the solidification.

Fig. 18 presents the mean relative deviation between analytical
and numerical concentration fields as a function of the Reynolds
number. For turbulent regimes, the error of the analytical model
is reduced when the convection intensity increases. This is mainly
due to the reduction of the lateral segregations and the limitation
of separation points influence on mass transfer. For laminar
regimes, we observe an opposite trend with a mean error increas-
ing with the Reynolds number. In this case, the increase of convec-
tion intensity leads to complex solute transport in the liquid and
strong lateral segregations. Coupling the presently proposed model
with a numerical solution of the solute transport in the fluid bulk
would improve the model, but is out of scope of the present paper.



Fig. 17. Longitudinal segregation profiles hCSi=C0: comparison between analytical
and numerical results at different Reynolds numbers.
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The low error level for ReL ¼ 102 confirms the weakness of the lat-
eral segregations, in an almost purely diffusive regime.

The different curves plotted in Fig. 18 represent the results
obtained with successive enhancements in the model. For curve
1, the first model proposed by Garandet et al. [17] is used and no
attempt is made to enhance lateral segregation description. For
curve 2, the characteristic lengths of the different vortices are com-
puted. This modification has a significant influence on the accuracy
of the model with a reduced error for all convecto-diffusive
regimes. For curve 3, the spline interpolation procedure at
impingement points is introduced. This procedure is relevant for
local concentration corrections, but has little effect on mean errors,
except for ReL ¼ 104. This is why we have considered that improv-
ing this relatively rough approach by a local approach was not
worth for the moment. For curve 4, turbulent transport is
accounted for in the solute boundary layer model. This leads to a
reduced error for the turbulent regimes ReL ¼ 106 and 107. Curve
4 corresponds to the concentration fields presented in this study
(Figs. 11–16). Finally, for curve 5, the convecto-diffusive parameter
D is limited at separation points to account for the global convec-
tive regime. On a first attempt, an empirical criterion based on the
Fig. 18. Mean relative deviation (%) between analytical and numerical 2D concentration
definition of several characteristic lengths for the different vortices. Curve 3: spline inter
boundary layer. Curve 5: limitation of D at the separation points. Curve 6: hydrodynam
numerical results is used. D is thus limited to twice its mean value
along the interface. This criterion is found to have very little influ-
ence on the mean error. Therefore, it is not further investigated in
this study.

In order to attest the efficiency of the solute wall functions, new
hydrodynamic simulations are achieved without interface refine-
ment. The new mesh is uniform in the complete domain with
2 mm � 2 mm cells. The height of the first cell adjacent to the
interface is 400 times larger than for the refined cases (2000 times
for ReL ¼ 107 configurations). For high Reynolds number configura-
tions, the viscous sublayer is thinner than the mesh size and a clas-
sical log law is used to define the velocity profile at the solid/liquid
interface. This is not the case for the simulations with interface
refinement since the viscous sublayer is systematically resolved.
In fact, the choice of the proper velocity profile to apply is handled
by the Enhanced Wall Treatment option proposed by ANSYS FLU-
ENTTM [28]. For these new simulations, only the fluid flow is solved
numerically and the analytical segregation computation is per-
formed from the resulting wall shear-stress profiles. Analytical
concentration fields are compared to numerical results of the com-
plete segregation simulations with interface refinement. Curve 6
reports the mean relative deviations between these analytical
and numerical concentrations (Fig. 18). We can see that mean
errors keep the same order of magnitude when the analytical
method is applied to shear-stress profiles obtained with or without
interface refinement. Compare to curve 4 (same analytical model),
errors are increased for ReL ¼ 104;105 and 106. This is due to a
slight shift of the separation and impingement points at the inter-
face with the new computational grid. This result highlights the
benefit of the analytical model: it provides a meaningful estimate
of segregations without numerical resolution of the solute bound-
ary layer, allowing larger mesh size at solid/liquid interface and
leading to memory and computational time savings. The accuracy
of the method will mainly depend on the ability of the numerical
model to describe the hydrodynamic boundary layers at the solid-
ification front.
4. Correlation for different species

4.1. Objective and method

This section presents an interesting feature of the analytical
model for the study of the segregation associated with various spe-
cies. In the previous section, we relied on wall shear-stress profiles
extracted from numerical simulations to predict segregation pro-
files thanks to the scaling analysis of the solute boundary layer.
fields. Curve 1: results obtained with Garandet et al. [17] analytical model. Curve 2:
polation of D at the impingement points. Curve 4: turbulent transport in the solute
ic simulations without interface refinement.
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But the solute wall functions presented in Section 2 also provide a
direct correlation between the effective segregation coefficients of
different species. This type of correlation is of great interest for
photovoltaic silicon purification and crystallization by directional
solidification, since various species will interfere with solar cells
electrical properties. One can think of dopants, like boron or phos-
phorus, voluntarily incorporated in the melt or contaminant impu-
Table 1
Thermodynamic segregation coefficients k0 and molecular diffusivities D for P, Al and
Fe [33–36].

k0 D (m2/s)

P 3:32� 10�1 2:3� 10�8

Al 2:00� 10�3 6:8� 10�8

Fe 8:00� 10�6 8:0� 10�8

Fig. 19. Longitudinal segregation profiles hCSi=C0 for phosphorus, aluminum and
iron.

Table 2
Interpolated (keff fit) and estimated (keff th) effective segregation coefficients.

keff fit keff th Relative deviation (%)

P 3:5782� 10�1 – –

Al 2:1221� 10�3 2:1004� 10�3 1.0

Fe 8:4479� 10�6 8:3543� 10�6 1.1

(a) aluminum

Fig. 20. Numerical and analytically predicted convecto-diffusive param
rities such as carbon, aluminum, iron, copper, etc. Each species has
a specific molecular diffusivity D and thermodynamic segregation
coefficient k0. Therefore, each species has specific segregation
parameters, namely keff and D. Considering a given directional
solidification process, we have seen in Section 2 that the segrega-
tion parameters are controlled by the convection conditions in
the melt. Our aim is to show that segregation parameters of vari-
ous species can be estimated from segregation parameters of one
specific species. For experimental studies, this type of correlation
can reduce the number of chemical analyses required to character-
ize segregations. Then, the qualification procedures for the purifi-
cation and crystallization processes by directional solidification
could be simplified. For numerical studies, the segregation problem
could be reduced to one solute transport equation of a reference
species. This can lead to significant time saving for parametric
studies based on advanced solidification simulations methods
involving a precise description of the solid/liquid interface.

As mentioned above, we shall assume that the effective segre-
gation coefficient keff 1 of a reference species 1 has been determined
for a given solidification process. The related convecto-diffusive
parameter D1 is simply deduced from Eq. (3). Our objective is to
provide an estimate of D2 and keff 2 for another species denoted 2.
The first step is to determine the parameter B1, which governs
the segregation of species 1. In a first attempt, this parameter
can be deduced from Eq. (6). However, this equation is only valid
if B1 is smaller than the critical value Bc 1. Otherwise, B1 should
be deduced from the asymptotic regime given by Eq. (27). For a
given solidification process of a dilute alloy, s; VI; l and lc are con-
stant parameters for the segregation of species 1 and 2. Thus, the
parameter B2 related to the segregation regime of species 2 is given
by the following relation:

B2 ¼ B1
D2

D1

� �2

; ð34Þ

where D1 and D2 respectively stand for the molecular diffusivities of
impurities 1 and 2. Once again, B2 has to be compared to the critical
value Bc 2. Then, the convecto-diffusive parameter D2 can be
obtained from the analytical solution of Eq. (6) proposed by Garan-
det et al. [17] if B2 remains smaller than Bc 2, or from Eq. (27) if B2 is
greater than Bc 2. Finally, keff 2 is given by Eq. (3).

4.2. Application

Segregation simulations of phosphorus, aluminum and iron are
performed in the transient lid driven cavity configuration in order
to apply the correlation proposed in the previous paragraph.
(b) iron

eter profiles for aluminum and iron, for a solid fraction f S ¼ 0:44.
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Thermodynamic segregation coefficients and molecular diffusivi-
ties used for P, Al and Fe are given in Table 1. For this study the
interface velocity is kept at VI ¼ 10 lm=s and the initial concentra-
tion is set at C0 ¼ 65ppmw. A turbulent hydrodynamic regime is
used with a Reynolds number ReL ¼ 1:36� 105. Fig. 19 presents
the longitudinal segregation profiles for the three considered spe-
cies. Effective segregation coefficients are extracted from these
profiles by interpolation with a modified Scheil equation:

CSðf SÞ
C0

¼ keff ð1� f SÞkeff�1
; ð35Þ

f S being the solid fraction. Interpolated coefficients keff fit are given
in Table 2. The analytical model is then used to determine the effec-
tive segregation coefficients for aluminum and iron from the inter-
polated keff fit for phosphorus. These estimated effective segregation
coefficients are also given in Table 2 and referred to as keff th. For alu-
minum and iron the analytical model provides a very good estimate
of the effective segregation coefficients with about 1% of relative
deviation from the numerical results.

This approach can also be used to study lateral segregations.
Here, the correlation is applied to local values of D along the
solid/liquid interface to predict D profiles for aluminum and iron
from numerical results for phosphorus. Fig. 20 presents
convecto-diffusive parameter profiles at the solid/liquid interface
for aluminum and iron. These profiles are arbitrarily taken at a
solid fraction f S ¼ 0:44. The profiles for the two species present
similar shapes since they are influenced by the same convective
regime. For both species, the numerical segregation results are
compared to the predictions obtained from the analytical correla-
tion applied to the phosphorus results. The correlation provides
an estimate of D profiles for aluminum and iron with a relative
deviation below 20% from the numerical results.
5. Conclusion

The present study is dedicated to the formulation of wall func-
tions to describe solute boundary layers occurring in directional
solidification processes. These wall functions are obtained from a
scaling analysis procedure proposed by Garandet et al. [17]. In
the present work, specific attention is paid to the description of
the turbulent transport for high convective regimes. This point
appears relevant since various stirring techniques can be used to
enhance solute segregation, leading to turbulent flows in the melt.
The influence of the turbulent fluctuations on solute transport is
introduced in the scaling analysis using an analytical model. The
solute wall functions are compared to the segregation numerical
results for a canonical 2D lid driven cavity configuration. This sim-
ple and well studied configuration is used as a reference test case
to benefit from previous works on the subject. The results are,
however, expected to hold for a variety of growth configurations
and convective driving forces. Good agreement is found between
the analytical and numerical results, especially for an order of mag-
nitude approach.

The developed solute wall functions are then used to compute
segregation fields from hydrodynamic simulations. Our aim is to
demonstrate that the analytical model can provide meaningful
information on axial and lateral segregations. An iterative proce-
dure is proposed to compute solute incorporation in the solid from
wall shear-stress profiles at the solid/liquid interface. This proce-
dure is applied to the 2D lid driven cavity configuration and analyt-
ical and numerical concentration fields are compared. Mean and
local errors on analytical concentration fields appear more than
reasonable for turbulent flow configurations, even when hydrody-
namic simulations are performed without specific interface refine-
ment. These results confirm the interest of the developed method
to estimate segregations without a complete numerical resolution
of the solute boundary layer. Limitations of the model regarding
laminar flows, separation points and impingement points are also
discussed.

In our opinion, the analytical model could be applied to indus-
trial configurations where 3D transient segregation simulations
require too heavy computational means to allow parametric stud-
ies. First information on the solute repartition in the solid could be
obtained from a solidification simulation without solute transport
and with a relatively coarse mesh at the interface. Nevertheless,
the transposition of the procedure to a 3D case with a curved
solid/liquid interface is not immediate. A first issue is the analysis
of the 3D fluid flow near the interface to extract vortices character-
istic lengths. Suitable hydrodynamic wall functions should also be
carefully defined regarding the nature of the fluid flow. This point
is of primary importance for an accurate estimation of the wall
shear-stress at the interface. Besides, in order to enhance the ana-
lytical results, specific correlations for the characteristic points
could be developed on the basis of former works on radial segrega-
tion [37,38].

Finally, a correlation is proposed to transpose the segregation
parameters of a given chemical species to other species. This corre-
lation is directly derived from the analytical model of the solute
boundary layer. It can be applied to numerical or experimental
results in order to simplify parametric studies. Regarding the appli-
cation to experimental data, the accuracy of the method is limited
by the precision of the known molecular diffusivities. The mea-
surement of these coefficients remains difficult and uncertainties
can be significant [35].
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