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Abstract

The purpose of this paper is to analyse the correlations between convection #uctuations and segregation in the crystal
during solidi"cation in the horizontal Bridgman con"guration. The e!ects of both the amplitude and the frequency of the
convection velocity oscillations on the axial and radial segregation will be determined. The results will be compared with
predictions based on an analytical model. ( 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

It is now well accepted that the study of trans-
port phenomena in the melt is important for the
optimisation of solidi"cation processes. In crystal
growth from the melt, the in#uence of steady con-
vective motions on segregation is clearly identi"ed
(see e.g. Ref. [1}4]). Comparatively little attention
has been paid to unsteady convection, that is
known to lead to detrimental composition stri-
ations in alloys [5]. In a companion paper [6], we
investigated numerically the e!ect of #uctuations of
the growth velocity on segregation, and our present
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purpose is to extend our previous work to the
problem of oscillating convection velocities.

Unsteady convection in the melt may act directly
on the solute "eld, as in the case of g-jitters in
microgravity solidi"cation [7], but also indirectly
via the induced variations of the growth rate if the
coupling with heat transport is strong enough. The
topic has been approached by Jung and MuK ller [8],
using a full numerical modeling of the heat, mo-
mentum and mass transport phenomena. Interest-
ing results were thus obtained, but, due to the
complexity of the problem, the detailed mecha-
nisms of transient solute incorporation were not
fully elucidated.

In the present work, we shall only focus on the
direct e!ect of unsteady convection, since we con-
sider the Prandtl number of the model material to
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Nomenclature

A aspect radio of the cavity (A"¸/H)
C solute composition in the melt (mass

fraction)
C

0
initial solute composition in the melt

C0 time independent part of C
C0

I
C0 at the interface

C1 amplitude of the time #uctuation of C
C1

I
C1 at the interface

C
-

longitudinal segregation
C

/
normalized longitudinal segregation

DC
/
D peak-to-peak amplitude of the oscilla-

tions of C
/

C
/{

normalized radial segregation
DC

/{
D peak-to-peak amplitude of the oscilla-

tions of C
/{

C
3

radial segregation
c non-dimensional solute composition in

the melt
c
4

non-dimensional solute composition in
the crystal

D solute di!usion coe$cient (m2 s~1)
G

S
static gain of the low pass "lter

g gravity (m s~2)
H height of the cavity (m)
j complex number
k solute equilibrium partition ratio of the

binary alloy (k"0.087)
¸ length of the cavity (m)
l "lter order
S non-dimensional length of the melt zone
¹ non-dimensional oscillation peirod
¹

C
non-dimensional cut-o! period

t non-dimensional time
t
$

time (s)
u non-dimensional horizontal convective

velocity component
<

#
convection velocity (m s~1)

v
#

non-dimensional convection velocity
v
#,s

non-dimensional constructed convective
#ow for a melt zone of length S

<
#
(d) space averaged convection velocity in

the frame of the solutal 1D boundary
layer model

<0
# time independent part of D<

#
(d)D

<1
# amplitude of the time #uctuation of D<

#
(d)D

<
%&&

e!ective transport velocity (m s~1)
<

I
interface velocity (m s~1)

v
I

non-dimensional interface velocity
u non-dimensional vertical convective ve-

locity component
X horizontal coordinate
x non-dimensional horizontal coordiante
z non-dimensional vertical coordinate
Gr Grashof number, Gr"gbH4+h/l2
Pe PeH clet number, Pe"!H<

I
/D

Pr Prandtl number, Pr"l/i
Sc Schmidt number, Sc"l/D

Greek letters

a relative amplitude of the convective ve-
locity osillation

b thermal expansion coe$cient
D convecto di!usive parameter (0)D)1)
d solute boundary layer thickness (m)
i thermal di!usivity of the melt (m2 s~1)
+ nabla operator
+h applied thermal gradient in the cavity
l kinematic viscosity of the melt (m2 s~1)
X non-dimensional pulsation (X"ud2/D)
X

C
non-dimensional cut-o! pulsation

u pulsation of the perturbation (s~1)
u

C
cut-o! pulsation of the perturbation (s~1)

n pi number

be strictly equal to zero, which means that heat
transport is not a!ected by the velocity. Our formu-
lation is thus much simpler than Jung and MuK ller's,
since we assume the oscillating convection velocity
to be a given input in the solute conservation equa-

tion. Our purpose is to characterize the axial and
radial solute segregations induced by such an oscil-
lating velocity in a model horizontal Bridgman
con"guration. The imposed #uctuations will cover
a large amplitude and frequency range to allow
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Fig. 1. Studied con"guration.

comparison of the numerical results with the pre-
dictions of an existing analytical model.

As done in our previous work [6], we shall "rst
recall in Section 2 the main features of a simpli"ed
analytical model accounting for the e!ect of un-
steady convection velocity on composition. Then,
in Section 3, the physical model and the numerical
procedure are brie#y presented. Section 4 is dedi-
cated to the analysis of the simulation results. A dis-
cussion of the accuracy of the analytical model, and
of its ability to capture the physics of solute trans-
port phenomena both in quasi-steady and transient
problems, is also carried out.

2. Outline of the analytical solution

Our purpose in this section is to brie#y recall the
main features of an analytical model that allows to
derive the composition response to a given convec-
tion velocity perturbation, since it will be thor-
oughly used in the following for comparison with
the numerical results. For more details on the start-
ing assumptions and the procedure, the interested
reader is referred to the original publications
[9,10]. To start with, let us consider the time-
dependent mass conservation equation, written in
a reference frame moving with the interface:

RC/Rt
$
#(V

#
)+)C"D+2C#(V

I
)+)C. (1)

In the above equation, C, D, V
#
, V

I
, and t

$
respec-

tively stand for solute concentration, di!usion coef-
"cient, convection velocity, growth rate, and time.
A "rst assumption is to drop the radial composi-

tion derivatives, that is to suppose that the concen-
tration variations take place principally along the
normal to the interface, X in the notations of the
present paper. However, the key idea is to account
for convective e!ects in the frame of the solutal

boundary layer model [11] through <
#
(d), mean

convective velocity evaluated at X"d (<
#
(d)*0

and <
I
)0 in the notations of the present paper,

see the reference frame in Fig. 1), which yields

RC/Rt
$
"DR2C/RX2#<

%&&
RC/RX, (2)

with <
%&&

"<
#
(d)!<

I
. The e!ective transport ve-

locity <
%&&

can be related to the solutal boundary
layer thickness d of the associated steady-state
problem through <

%&&
"D/d [11]. This allows to

de"ne the convecto-di!usive parameter D as
D<

I
D/<

%&&
or D<

I
Dd/D; D, which corresponds to a nor-

malized boundary layer thickness, was found to be
a relevant measure of the in#uence of convection on
mass transfer [4,11]. Then, in line with an approach
originally proposed by Hurle et al. [12], a solution
to Eq. (2) is obtained through a Fourier series
expansion up to the order 1 of the main variables of
the problem. For instance, the form of the composi-
tion "eld is given as

C(X, t
$
)"C0(X)#C1(X) exp( jut

$
). (3)

The convection velocity #uctuation <1
#

(<
#
(d)"

<0
#
#<1

#
exp(jut

$
) with <0

#
*0 and <1

#
*0) is as-

sumed small enough to neglect the second-order
term <1

#
C1 in Eq. (2). Even with these assumptions,

the algebra involved is fairly tedious, and the inter-
ested reader is referred to the original publications
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Fig. 2. Fluid #ow represented by streamlines for A"4 and
Gr"5000.

for details on the derivation. However, for our
present purposes, a composite solution can be built
based on the asymptotic high frequency and low-
frequency regimes [9,10]. The relation between
normalized convection velocity and interface com-
position #uctuations can be expressed as

C1
I
/C0

I
"[G

S
/(1#jX/X

C
)]<1

#
/<0

#
, (4)

where the pulsation X is de"ned as X"ud2/D. The
variables G

S
and X

C
, respectively, stand for the

static gain and the cut-o! pulsation of this "rst-
order linear "lter and j is the complex number such
that j2"!1. Numerically, G

S
and X

C
are given as

G
S
"!(1!k)D(1!D)/[1!(1!k)D], (5)

X
C
"1!(1!k)D. (6)

From a physical standpoint, the minus sign in the
expression of G

S
indicates that an increase of the

convection level induces a decrease in terms of
interfacial composition. Moreover as noted in Ref.
[12], the occurrence of imaginary terms in relation
(4) is related to a phase shift between the convection
velocity and interface composition #uctuations. It
should be noted that the D featured in expressions
(5) and (6) should be deduced from the analysis of
axial composition pro"les based on the mean con-
vection velocity. It is not in any case a free para-
meter. In that respect, our present work is also
a new test of the capacity of the boundary layer
model to capture the physics of transient segrega-
tion phenomena.

3. Physical model and numerical procedure

Let us recall the basic points of our numerical
modeling. We invite the interested reader to refer to
Section 3 of Ref. [6] in which we explain the math-
ematical model in more detail. The physical system
schematically represented in Fig. 1, represents
a rectangular cavity "lled with a strictly equal zero
Prandtl number diluted alloy. The solid}liquid in-
terface is supposed to be planar and to move at
a constant velocity <

I
. Convection in the melt is

driven by thermal buoyancy force and the concen-
tration "eld is assumed to have no feedback on the
#ow "eld so that it can be studied separately. In the

following, mainly non-dimensional variables will
be used: practically, length, velocity, time, and con-
centration have been respectively normalized by H,
l/H, H2/l, and C

0
(initial solute concentration in

the melt).
To simulate a solidi"cation process by the hori-

zontal Bridgman technique with an oscillatory
convection velocity, one possibility is to take a
su$ciently high Grashof number, for which
the #ow becomes naturally oscillatory. In fact, for
the cavity of aspect ratio A"¸/H"4 that we have
chosen, this #ow corresponds to three oscillatory
rolls [13]; however, the reduction of the size of the
liquid zone during solidi"cation not only will mod-
ify the structure of the #ow, but also will stabilize
the oscillations, which makes di$cult any inter-
pretation. We then chose a more academic case
where the oscillations of convection are regular. We
used the fact that at "rst approximation, for a #uid
with Grashof number not too high, the convection
in a lengthened cell presents a central zone with an
almost parallel and uniform #ow and end zones of
length equal to the height for the reversal of the
#ow [13] (see Fig. 2). We have chosen to compute
the unicellular steady #ow for Gr"5000 (Pr"0)
for a cavity of aspect ratio A"2, and from it we
have constructed the steady #ow v

#,S
(x, z) for

a liquid zone of length S'2 by adding a central
zone with parallel and uniform #ow. This steady
#ow nearly corresponds to the real #ow at Gr"
5000, although the real #ow is not so perfectly
parallel in the central zone and is a little more
convective, because it is less con"ned, particularly
at the beginning of solidi"cation. The non-dimen-
sional oscillatory velocity used in the simulations
can thus be written as

v
#
(x, z, t)"v

#,S
(x, z)A1#a sinA

2pt

¹ BB (7)
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Fig. 3. Segregation responses for steady and unsteady
(a"0.5,¹"0.5) cases: (a) longitudinal segregations, (b) radial
segregations.

with a'0. a and ¹ stand respectively for the rela-
tive amplitude and the non-dimensional period of
the velocity perturbations.

The convective "eld being thus imposed, we will
have only the mass transport equation to solve in
the liquid phase, and the segregation in the solid
phase will be deduced by the relation

c
4
"kc,

where c
4

and c are respectively the concentrations
in the solid and liquid phases and k is the equilib-
rium partition ratio. In its non-dimensional form
and in a "xed domain of calculation, the mass
transport equation is written as (see Ref. [3])

Rc
Rt#(u!xv

I
)
1

S

Rc
Rx#w

Rc
Rz"

1

ScC
1

S2

R2c
Rx2

#

R2c
Rz2D,

where v
I
is the non-dimensional interface velocity,

u and w the components of the imposed convective
"eld v

#
(x, z, t), and Sc the Schmidt number. The

boundary equation expressing the condition of
mass conservation at the solid}liquid interface is
written as

Rc
Rx"Pe(1!k)c,

where Pe is the PeH clet number. The other bound-
aries are supposed to be solid and impermeable. In
the following calculations the Schmidt and PeH clet
numbers are "xed (Sc"10 and Pe"2). The mesh
used is generated by Thompson's technique [14].
The nodes are squeezed near the walls of the cavity
and specially in the vicinity of the solid}liquid in-
terface because of high-composition gradients
there. The problem is solved by using a Hermitian
"nite di!erence method with an alternative implicit
direction scheme [15] in a grid of 25]101 points
on (z, x) directions, which proved to give su$ciently
accurate results for such studies [3]. In our numer-
ical computations, a cavity of aspect ratio A"4 is
used and the solidi"cation was conducted over the
"rst half of the cavity. We shall focus on two quant-
ities: the amplitude of the normalized segregation
oscillations and their phase shift with respect to the
imposed oscillatory convection velocity.

4. Results and discussion

We want to analyse the longitudinal and radial
segregations (C

-
and C

3
) which are de"ned respec-

tively as the mean value of the concentration in the
solid, c

4
, along the interface and the normalized

maximum di!erence of c
4

along the interface:

C
-
"P

1

0

c
4
(z, S) dz

C
3
"

c
4,.!9

(S)!c
4,.*/

(S)

C
-

.

In Figs. 3(a) and (b) we give the evolutions of
respectively the longitudinal and the radial segrega-
tion for a case of an oscillatory convection velocity
v
#

with a"0.5 and ¹"0.5 along with those ob-
tained in the case of a nonoscillatory convection
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Fig. 4. Normalized segregations (a"0.5,¹"0.5): (a) nor-
malized longitudinal segregation, (b) normalized radial segrega-
tion.

velocity v
#,S

. We notice that the oscillations of the
segregation for the unsteady case #uctuate on both
sides of the segregation pro"le for the steady case.
As done in our previous work [6], for a better
characterization of the oscillatory signals of segre-
gation, we de"ne the normalized longitudinal seg-
regation C

/
and the normalized radial segregation

C
/{

as

C
/
"

C
-,7
!C

-,#
C

-,#

C
/{
"C

3,7
!C

3,#
,

the indices v and c referring respectively to the
variable and constant velocity cases. The evolution
of the normalized segregations corresponding to
the case of Fig. 3 are given in Fig. 4.

Let us recall that, as done previously [3,6], the
convecto-di!usive parameter D is deduced from

a best "t of the longitudinal segregation pro"les
according to Favier's model [16].

4.1. Longitudinal segregation

It should be remembered that the amount of
incorporated solute decreases when the convection
increases, with, for the convective mode to which
Gr"5000 belongs, a characteristic variation of the
convecto-di!usive parameter D in (Gr Sc)~1@3 [17]
and a linear dependence of C

-
on D. If we consider

the case a"0.5, the variation of the convection is
equivalent to a variation of Gr between 2500 and
7500. The "rst oscillatory velocity variation is posi-
tive what explains the initial decrease of the segrega-
tion. In addition, the nonlinear variation according
to Gr (in power !1/3) explains the di!erence in
amplitudes between the positive and the negative
oscillations of the normalized segregation. Indeed,
the ratio between these amplitudes, as obtained from
the characteristic relationship for D, is about

(2500~1@3!5000~1@3)/5000~1@3

(5000~1@3!7500~1@3)/5000~1@3
&

0.01519

0.0074
&2.05,

which is a rough estimation of the observed ratio
between positive and negative oscillation ampli-
tudes in Fig. 4(a).

As opposed to our previous work on interface
velocity #uctuations [6], the amplitude of the com-
position oscillations is not perfectly constant along
solidi"cation. We used as a measure of the e!ect of
the #uctuating convection level the average of the
peak-to-peak amplitudes, denoted DC

/
D, over the

"rst half of the crystal, the initial transitory stage
being excluded. Concerning the phase shift /, it is
also not perfectly constant along solidi"cation, and
so a similar averaging procedure is used. Moreover,
di!erent values are found if the estimation is made
on the maxima or minima of the concentration
variations, which necessitates to take a mean value
between both estimations. This last observation
can be connected to the fact that the maxima and
minima of concentration correspond respectively
to minima and maxima of #ow velocity for which
the boundary layer thickness is di!erent. Then the
time for the perturbation to go from the bulk #ow
to the solidi"cation interface will also be di!erent.
The same procedures will be used for the estimation

F.Z. Haddad et al. / Journal of Crystal Growth 220 (2000) 166}175 171



Fig. 5. Amplitude and phase shift of C
/
(¹"0.5): (a) variation

of the amplitude DC
/
D with a, (b) phase shift / (v

#
, C

/
)/p as

a function of a.

Fig. 6. Amplitude and phase shift of C
/
(a"0.2): (a) variation of

the amplitude DC
/
D with ¹, (b) phase shift / (v

#
,C

/
)/n as a func-

tion of ¹.

of amplitudes DC
/{

D and phase shifts for the radial
segregation.

4.1.1. Ewect of the perturbation amplitude
The evolution of the amplitude DC

/
D according to

a for the period ¹"0.5 shows a linear behavior for
the small values of a, the system leaving the lin-
earity domain beyond a"0.5 (Fig. 5(a)).

Fig. 5(b) giving the phase shift / between
v
#
(x, z, t) and C

/
according to a shows that the

delay of the response of C
/

to the velocity excita-
tion v

#
(x, z, t) is almost constant, around 0.35p.

4.1.2. Ewect of the perturbation period
The evolution of DC

/
D according to ¹ for the

amplitude a"0.2 exhibits an increase for small
periods (large frequencies) and an asymptotic con-
stant regime for large periods, the cut-o! period
being located around ¹"0.4 (Fig. 6(a)).

As for the phase shift between the oscillatory
velocity signal and the oscillatory segregation re-
sponse, Fig. 6(b) shows that this delay is about
0.63p for the period ¹"0.1 and that it decreases
when ¹ increases. For large periods, the longitudi-
nal segregation follows almost instantaneously the
convective velocity excitation.

It can be checked that all these features compare
favorably with those predicted by the analytical
model presented in Section 2 (Eq. (4)). A more
detailed comparison between numerical and ana-
lytical results will be presented in Section 4.4.

4.2. Radial segregation

4.2.1. Ewect of the perturbation amplitude
In Fig. 7(a) we plot the curve of evolution of the

amplitude DC
/{

D according to a for the case ¹"0.5.
We notice again a linearity of this evolution for the
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Fig. 7. Amplitude and phase shift of C
/@(¹"0.5): (a) variation

of the amplitude DC
/@ D with a, (b) phase shift / (v

#
,C

/{
)/p as

a function of a.

Fig. 8. Amplitude and phase shift of C
/@ (a"0.2): (a) variation of

the amplitude DC
/@ D with ¹, (b) phase shift / (v

#
,C

/{
)/p as a func-

tion of ¹.

small values of a, up to a"0.5. The variation of the
phase shift / between v

#
(x, z, t) and C

/{
according

to a at the period ¹"0.5, shows that the delay of
response of the segregation to the velocity excita-
tion, although increasing with a, seems globally
not very sensitive to the variation of a and close to
p, which corresponds to rather large phase shifts
(Fig. 7(b)).

4.2.2. Ewect of the perturbation period
In Figs. 8(a) and (b) we plot respectively the

evolution of the amplitude and the phase shift of
the normalized radial segregation C

/{
as a function

of the period ¹ of the convective velocity oscilla-
tions for the case a"0.2. We notice that DC

/{
D

increases with ¹, reaches a maximum for a period
¹ between 0.7 and 0.8 and then decreases slightly
for larger periods (Fig. 8(a)). As for the phase shift

between the velocity v
#
(x, z, t) and the segregation

C
/{

, Fig. 8(b) shows a decrease of the phase shift
according to ¹, but the values remain large even for
large periods. No theoretical model is available for
comparison in this case.

4.3. Illustration of the striations in the crystal

Fig. 9 shows the solidi"ed alloy structure for
di!erent cases of oscillation of v

#
. We note

that the composition "eld of the solid sample
depends directly on the oscillation and we notice
in particular that, in the case of an oscillation
with a small period, the system has not enough
time to adapt itself to the velocity variations,
thus resulting in a structure very close to that
corresponding to a solidi"cation with a steady
convective velocity.
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Fig. 9. Solute distribution in solidi"ed alloy for di!erent values of a and ¹: (a) a"0.85,¹"0.5, (b) a"0.5,¹"0.5, (c) a"0.2,¹"0.5,
(d) a"0.2,¹"1.0, (e) a"0.2,¹"0.1, (f) non-oscillatory case.

4.4. Discussion

Using the identity d"D(D/<
I
), the relation be-

tween the pulsation X of the analytical model (4)
and the dimensionless period ¹ of the numerical
simulations can be written as

X"ud2/D"2pScPe~2D2¹~1. (8)

The non-dimensional numbers of Schmidt and PeH c-
let are "xed in the present study, Sc"10 and
Pe"2. The value of the convecto-di!usive para-
meter, deduced from the numerical results on mac-
rosegregation [3], is also constant in the frame of
this work, D"0.2. Using this value in Eqs. (5) and
(6), we get G

S
"!0.18 and X

C
"0.82 as character-

istics of the "rst-order "lter given by the analytical
model for longitudinal segregation. The cut-o!
non-dimensional period (¹

C
) is thus ¹

C
"0.77.

The predictions of the analytical model in terms of
amplitude and phase shift are given in Figs. 6(a)
and (b), respectively, (with G

S
"!0.10 not

G
S
"!0.18) along with the numerical results.

Keeping in mind that there is no adjustable para-
meter in the model, the agreement can be con-
sidered as fairly good. The main di!erence concerns
the phase shift at large periods.

Nevertheless, it should be noted that a much
better agreement between numerical simulations
and analytical solutions had been observed in the
#uctuating interface velocity problem [6].

Regarding radial segregation, no analytical
model is available for comparison with the numer-
ical results. However, one can notice that the phase
shift between the convection and composition #uc-
tuations is much higher than for axial segregation.
This can be qualitatively understood by the fact
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that the spatial range of the concentration gradient
is larger in the radial case (H versus d). The time
needed for a composition information to travel
along the interface is thus necessarily higher. Re-
garding the comparison with the #uctuating inter-
face problem, the phase shifts observed between
excitation and response are here much higher
which can be qualitatively understood by stating
that interface velocity variations are directly felt at
the growth front whereas convective variations are
"ltered through the solute boundary layer.

5. Concluding remarks

Our purpose in this work was to analyse in detail
the e!ect of unsteady convection on solute incorpo-
ration. Numerical simulations of the mass trans-
port phenomena in a horizontal Bridgman
con"guration were thus carried out. The imposed
variations of the convection velocity covered
a large amplitude and frequency range. The in-
duced axial and radial segregations are often rather
small, even at high perturbation amplitudes. The
agreement of the numerical results with the predic-
tions of a simpli"ed analytical model based on the
solutal boundary layer concept was found good.
The present problem is one more example of the
ability of the boundary layer model to e$ciently
capture the physics of transient solute transport
phenomena.

To "nish with, a point on the relevant frequency
range is worth stating. As observed in the #uctuat-
ing interface velocity problem, in many actual
growth con"gurations, the cut-o! frequency
X

C
will be of order of magnitude unity (see Eq. (6)).

In turn, this translates into a dimensional cut-o!
pulsation u

#
+D/d2 in the Hertz range, provided

typical values such as D"10~8m2 s~1 and
d"10~4m are used as inputs. It can thus be stated
that high-frequency perturbations, e.g. associated
with machinery operation, should then be signi"-
cantly damped. On the other hand, at the low-

frequency end of the spectrum, special care should
be devoted to the optimization of the thermal regu-
lation.
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